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Abstract 

We relate three-dimensional loop quantum gravity to the combinatorial quantisation 
formalism based on the Chern-Simons formulation for three-dimensional Lorentzian 
and Euclidean gravity with vanishing cosmological constant. We compare the con- 
struction of the kinematical Hilbert space and the implementation of the constraints. 
This leads to an explicit and very interesting relation between the associated operators 
in the two approaches and sheds light on their physical interpretation. We demon- 
strate that the quantum group symmetries arising in the combinatorial formalism, the 
quantum double of the three-dimensional Lorentz and rotation group, are also present 
in the loop formalism. We derive explicit expressions for the action of these quantum 
groups on the space of cylindrical functions associated with graphs. This establishes a 
direct link between the two quantisation approaches and clarifies the role of quantum 
group symmetries in three-dimensional gravity. 



1 Introduction 

1.1 Motivation 

One of the main motivations for the study of three-dimensional gravity is its role as a toy 
model for quantum gravity. It allows one to investigate conceptual questions of quantum 
gravity, serves as a testing ground for quantisation formalisms and has inspired approaches 
for the four-dimensional case. This is due to the fact that Einstein's theory of gravity 
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simplifies significantly in three dimensions: It has no local gravitational degrees of freedom, 
but a finite number of global degrees of freedom arising for spacetimes with non-trivial 
topology or with point particles. As the phase space of the theory is finite dimensional, 
its quantisation simplifies considerably compared to the four-dimensional case. Important 
progress towards quantisation has been achieved within many approaches, for an overview see 
[1]. As in higher dimensions, two of the most prominent ones are loop quantum gravity and 
spin-foam models. Further progress followed the discovery that three-dimensional gravity 
can be formulated as a Chern-Simons gauge theory [21 [3]. 

The Chern-Simons formulation of the theory gave rise to important advances on the concep- 
tual level as well as an improved understanding of the mathematical structure of the theory. 
In particular, it relates the phase space of the theory to moduli spaces of flat connections on 
two-dimensional surfaces and establishes a relation with the theory of knot invariants [4] and 
manifold invariants [5]. It also lead to the development of new and powerful quantisation 
approaches. 

Combinatorial Quantisation and the loop formalism 

One of these approaches which will play a central role in this paper is the combinatorial 
quantisation formalism for Chern-Simons gauge theory. This formalism, first established 
in in [71 [HI [9] for for Chern-Simons theories with compact, semisimple gauge groups, has 
been generalised to the gauge groups arising in three-dimensional gravity in [lOl |TT] . It lead 
to important advances in the quantisation of the theory, specifically in the construction of 
the physical Hilbert space. Moreover, it provides powerful mathematical tools, namely the 
theory of Hopf algebras and quantum groups, which arise naturally in this formalism. 

Despite these advances, many important issues related to the quantisation of three-dimensional 
gravity remain to be resolved: It is currently not clear how different quantisation formalisms 
for the theory are related and if they lead to equivalent quantum theories. This question is 
especially relevant for the relation between three-dimensional loop quantum gravity and the 
combinatorial quantisation formalism, as these approaches follow a very similar quantisation 
philosophy. Both pursue a Hamiltonian quantisation approach, they are based on a (2+1)- 
decomposition of the underlying manifold, and their fundamental variables are holonomies 
associated to graphs on the two-dimensional spatial surface. 

This suggests that the link between three-dimensional loop quantum gravity and the combi- 
natorial quantisation formalism should be direct, and that it should be possible to explicitly 
relate the resulting quantum theories. Moreover, the main conceptual difference between 
these approaches is that they are based, respectively, on the BF and the Chern-Simons for- 
mulation of the theory. Understanding the relation between these approaches would there- 
fore not only contribute to the understanding of three-dimensional quantum gravity itself 
but also shed light on issues surrounding the relation between three-dimensional gravity and 
Chern-Simons theory. 

However, despite its relevance and its conceptual importance, the relation between these 
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two quantisation approaches is currently not well-understood. Its clarification is one of the 
core results of this paper. In the following, we explicitly relate the construction of their 
kinematical and physical Hilbert spaces. Moreover, we demonstrate how the associated 
quantum operators in the combinatorial formalism can be expressed in terms of the operators 
in loop quantum gravity and that the link between these variables has a clear physical 
interpretation. 

Quantum group symmetries 

The other central result of our paper addresses the role of quantum group symmetries in 
the two approaches. As powerful mathematical tools, they are of practical relevance for the 
quantisation of the theory. However, quantum groups and, more generally, Hopf algebras are 
also discussed as generic symmetries of quantum gravity and believed to reflect fundamental 
properties of quantum spacetimes. The idea is that spacetimes loose their smoothness near 
the Planck scale and instead acquire a fuzzy, discrete or non-commutative structure. It 
has been argued that this corresponds to a deformation of their local symmetry groups 
into a Hopf algebra symmetries. Although such deformations via Hopf algebras have been 
investigated extensively [121 [131 [IH [151 [IB] , their status in four dimensions remains largely 
heuristic due to the difficulties in the quantisation of the theory. 

In three-dimensional gravity, the situation is less involved and can be investigated with more 
rigour. Quantum groups arise naturally in the combinatorial quantisation formalisms [lOl [Tl] 
but also in other approaches |5]. For three-dimensional gravity with vanishing cosmological 
constant, the relevant quantum groups are the quantum (or Drinfeld) doubles D{G), where, 
depending on the signature, G is the three-dimensional rotation group SU{2) or the three- 
dimensional Lorentz group SU{1, 1) = SL{2, M). They are deformations of the local isometry 
groups of the classical spacetimes, respectively, the three-dimensional Euclidean and Poincare 
group. The deformation parameter is the Planck length ip = HGn, where Gn is the Newton 
constant in three dimensions. Classical observables, which are (by definition) invariant under 
these classical symmetry groups become quantum observables which form an algebra and 
are invariant under the action of the quantum double D{G). 

Although quantum groups arise in the combinatorial quantisation of Euclidean and Lorentzian 
three-dimensional gravity with vanishing cosmological constant [TT], they are not readily ap- 
parent in three-dimensional loop quantum gravity and the Ponzano-Regge model [17]. The 
relation between the Ponzano-Regge model and the evaluation of link invariants for the 
quantum double D[SU{2)) has been investigated in [18], but only specific representations of 
D{SU{2)) are considered and the role of quantum group symmetries remains implicit. For 
a more recent result concerning the mathematical structure and the role of link invariants 
in the Ponzano-Regge model see [19]. This absence of quantum group symmetries in the 
loop and spin foam formalisms raised the question if they are a generic feature of three- 
dimensional quantum gravity or merely a tool limited to the combinatorial quantisation 
formalism. 

In this paper we show that quantum group symmetries are a generic feature of three- 
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dimensional gravity with vanishing cosmological constant and that they are also present 
in three-dimensional loop quantum gravity. We demonstrate that the quantum doubles 
D[SU{2)) and D{SU{1, 1)) act naturally on the Hilbert spaces of the theory, i. e. the space 
of cylindrical functions associated with graphs. As the cylindrical functions are closely 
related to the spin network functions which are the fundamental building blocks of the 
quantum theory in loop quantum gravity and the spinfoam approach, this establishes the 
presence of quantum group symmetries in these formalisms. We show that each closed, 
non-selfintersecting loop in the graph gives rise to a representation of the quantum double 
on the space of cylindrical functions and derive explicit expressions for these representa- 
tions. Moreover, we demonstrate that these representations are intimately related to the 
implementation of the constraints in the quantum theory. 

1.2 Outline of the paper 

Our paper is structured as follows: In Sect. [2] we summarise and contrast the classical 
formulations of the theory underlying 3d loop quantum gravity and the combinatorial quan- 
tisation formalism. These are, respectively, the BF and the Chern-Simons formulation of 
three-dimensional gravity with vanishing cosmological constant. We review the canonical 
analysis in the two formulations and discuss their gauge and physical symmetries. 

In Sect. [3], we give a detailed discussion of the discretisation of the phase space which serves 
as the starting point for the two quantisation approaches. In both approaches, this discreti- 
sation is based on a graph embedded on the spatial surface and, in case of the combinatorial 
formalism, equipped with additional structure ^U\. We summarise the construction of the 
discrete phase space variables and their Poisson structure as well as implementation of the 
constraints and the description of the physical phase space. This discussion motivates the 
different quantisation approaches and lays the foundation for the following sections in which 
we relate the associated quantum theories. 

In Sect, m we relate the associated quantum theories. In both formalisms the quantum 
states are cylindrical functions based on a graph. However, the operators which act on 
these spaces differ, and there is a priori no direct link between the fundamental variables 
in the two approaches. The core result of this section is an explicit formula relating the 
quantum operators in the loop and the combinatorial formalism. Moreover, we show that 
this relation has a clear physical interpretation and that it sheds light on the role of the 
additional structures present in the combinatorial quantisation formalism. 

Sect. EJis concerned with the other core aspect of our paper, the role of quantum group sym- 
metries. We show that the quantum doubles of the three-dimensional rotation and Lorentz 
group arise naturally not only in the combinatorial formalism but also in three-dimensional 
loop quantum gravity. More specifically, we demonstrate that each non-selfintersecting loop 
in the underlying graph gives rise to a representation of the quantum double on the as- 
sociated space of cylindrical functions. This establishes and clarifies the role of quantum 
groups in three-dimensional quantum gravity. Moreover, we find that these quantum group 
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symmetries have a natural interpretation and play an important role in the construction of 
the kinematical and physical Hilbert space. 

The construction of the physical Hilbert space and the implementation of the constraints 
in the two quantisation formalism are the subject of Sect. [HI We show that the standard 
gauge fixing procedure via contractions of maximal trees has a natural interpretation in the 
combinatorial formalism which arises from the classical graph operations defined by Fock 
and Rosly [SOj. Moreover, we demonstrate that the implementation of the constraints is 
closely related to the representations of the quantum double in Sect. [5], which unify the 
requirements of graph gauge invar iance and the projector on the physical Hilbert space. 

Sect. [7] contains our conclusions and outlook. Appendix |X] summarises the formalism of 
Fock and Rosly [20] and its application to the phase space of three-dimensional gravity. 
Appendix [B] presents some relevant facts from the representation theory of the quantum 
doubles D{SU{2)), D{SU{1, 1)). 

2 Classical 3d gravity in the BF and Chern-Simons formulation 

2.1 Definitions and notation 

In this paper, we consider three-dimensional gravity of Euclidean and Lorentzian signa- 
ture and with vanishing cosmological constant. We introduce a "space-time" manifold Ai. 
Through most of the paper we assume it to be of topology M ^ S x I where the spa- 
tial surface S is an orientable two-surface of general genus and, possibly, with punctures 
representing massive point particles. The interval I C M characterises the "time" direction. 

We choose a local coordinate system (a;^)^=o,i,2 of A^. In the following, Greek letters /x, i/, ■ ■ • 
refer to space-time indices, Latin letters ■ ■ ■ to space indices, and t is the time index. 
Latin letters a,b, ■ ■ ■ from the beginning of the alphabet stand for indices associated with 
Lie groups and Lie algebras. Throughout the paper we use Einstein's summation conven- 
tion. Indices are raised and lowered with either the three-dimensional Minkowski metric 
diag(l, — 1, — 1) or the three-dimensional Euclidean metric diag(l,l,l), both of which are 
denoted by rj. With that convention, all formulas refer to both Lorentzian and Euclidean 
signature unless specified otherwise. 

Throughout the paper, we write G for both the three-dimensional rotation group G = SU (2) 
and the three-dimensional Lorentz group G = SU{1,1). We fix a set of generators Ja, 
a = 0, 1, 2, of their Lie algebras q = LieG in terms of which the Lie bracket takes the form 



Here, e is the totally anti-symmetric tensor in three dimensions with the convention eoi2 = 1 
and indices are raised and lowered with the three-dimensional Minkowski and Euclidean 
metric. We denote by Ad the adjoint action of G on its Lie algebra g = 




(2.1) 



-1 



(2.2) 
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We also introduce the right- and left invariant vector fields L" and i?" on G, 

R^fig) = df{R^) = j^\t=ofi9-e''^) (2.3) 
LV(^) = d/(L«) = ||,=o/(e-*-^»-5) ygeGJeC^iG). 

The local symmetry groups of Euclidean and Lorentzian (2+l)-gravity with vanishing cos- 
mological constant are, respectively, the three-dimensional Euclidean group and the three- 
dimensional Poincare group. They have the structure of a semidirect product G x and 
will be denoted by IG in the following. With the parametrisation 

{u, a) = {u, -Ad{u)j) ueG, j,ae (2.4) 

their group multiplication law reads 

{ui, ai) ■ {u2, 02) = (^11*2, ai + Ad{ui)a2). (2.5) 

The associated Lie algebras 0®R^ are parametrised by the generators J^, a = 0, 1, 2, and an 
additional set of generators Pa, a — 0,1,2, which correspond to the infinitesimal translations. 
In terms of these generators, the Lie bracket takes the form 

[Ja, M = eabcJ" [Ja, Pb] = eabcP' [Pa, A] = 0, (2.6) 

and an Ad-invariant, non-degenerate symmetric bilinear form on g ® is given by 

(J„,J,) = {Ja,Pb)=Vab {Pa,Pb)^0- (2.7) 

2.2 Classical gravity in three dimensions 

First order gravity: the BF and the Chern-Simons formulation 

It is well-known that solutions of pure general relativity in three dimensions are locally trivial. 
This particularity is manifest when one writes the pure gravity action in the first order 
formalism, where the dynamical variables are g-valued one-forms: the triad e = e'^^Jadx^ 
which defines the metric via 

9nu = <e^r/„6 (2.8) 

and the spin-connection ui = uj^Jadx^, which is closely related to the Levi-Civita connec- 
tion. When expressed in terms of these variables, the Einstein-Hilbert action reduces to a 
topological BF type action 

SBF[e,u;] ^ a [ d'x e'''"'r)abe''^F^^[u;], (2.9) 
Jm 

where a = [AtiGn)^^ is related to the three dimensional Newton constant Gn and will be 
set to one in the following. F^,y[cc;] is the curvature of the G-connection uj 

Ff^u[uj] = df,uj^ - d^u;^ + uj„]. (2.10) 
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In fact, the first order formulation of (2+l)-gravity gives rise to two equivalent formulations 
of the classical theory, the BF formulation above which underlies three-dimensional loop 
quantum gravity and the formulation as a Chern-Simons gauge theory which is the starting 
point for the combinatorial quantisation formalism. To obtain the Chern-Simons formulation 
of the theory, one combines triad and spin connection into a Chern-Simons gauge field 

A = e"Pa + a;V„ (2.11) 

which is a one-form with values in the three-dimensional Poincare or Euclidean algebra 
g © . It is shown in [21 E] that the first order action for three-dimensional gravity can then 
be rewritten as a Chern-Simons action 

Scs[Aie,uj)] = [ £xe^"'^i{A^,d,A,) + hA„[A,,Ap])) (2.12) 

where (, ) is the bilinear form fl2.7p . Using the formula for the Lie bracket (12.61) . it is easy to 
check that this action is equivalent to (12.91) up to a boundary term for dM ^ 0, which does 
not modify the equations of motion. 

Varying the actions (12.91) . (12.121) with respect to the triad and spin connection results in 
a flatness condition on the JG-valued Chern-Simons connection A. This flatness condition 
combines the requirements of flatness for the spin connection lo and of vanishing torsion 
(i. e. the requirement that the triad e is covariantly constant with respect to lS) 

F^,J[uj\ = d^u^ - dyuj^ + \ [uj^, ujj\ =0 

Among these six classical equations, only two involve time derivatives and therefore can 
be interpreted as equations of motion. As we will see in the following, the four remaining 
equations act as first class constraints in the Hamiltonian framework and generate the gauge 
symmetries of the theory. 

Symmetries: gauge symmetries and diffeomorphisms 

As the Chern-Simons formulation of three-dimensional gravity is a gauge theory with lo- 
cal symmetry group JG, its action admits an infinite dimensional symmetry group Q = 
C°°{M.,IG) which acts on the connections according to 

^geG, A ^ A3 = gAg-' + gdg-' . (2.14) 

The invariance of the action Ssc (I2.12p with respect to these transformations is an immediate 
consequence of the Ad- invariance of the bilinear form (, ). It has been shown in [3] that they 
correspond to the infinitesimal diffeomorphism symmetries of gravity. This is most easily 
seen by rewriting the infinitesimal transformation laws (I2.14p in terms of the triad and spin 
connection 

Se^ = d^a + [t^^,a] + [e^,,!;] and 5uj^ = d^v + [uOf^^v] (2.15) 
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where g ^ = a) G C^{M.,Q © M^). Setting a = ^^e^j, and v = ^^oj^, one can then express 
these transformations in terms of the Lie derivatives along the vector field ^ = ^^d^^: 

Se^ = C^e^ + CT^,u[e,uj] and 5uj^ = C^u^ + ^''^^^[u;], (2.16) 

where F^i/[co'] and T^jy[e, u] are the curvature and torsion fl2.13p which vanish on the space of 
classical solutions. This establishes the on-shell equivalence of infinitesimal diffeomorphisms 
and infinitesimal Chern-Simons gauge transformations. Note, however, that this equivalence 
applies only to gauge transformations and diffeomorphisms which are connected to the iden- 
tity, whereas the status of large (i. e. not infinitesimally generated) diffeomorphisms and 
gauge transformations is more subtle [211 1221 [23] . 

Canonical analysis 

On manifolds of topology M. = S ^1 one can give a Hamiltonian formulation of the theory. 
For simplicity, we focus on the case where S is an oriented two-surface of general genus. The 
case of a surface with punctures representing massive, spinning particles is a straightforward 
generalisation which is discussed extensively in the literature (see [1] and references therein). 

Decomposing the gauge field A = Atdt + Aidx^ into a time component At and a gauge field 
As = Aidx^ on the spatial surface, we can rewrite the action (12. 9p as 

Scs[A] = [dt [ d^xe'^ {-{A, dtA,) + {A, F[A],^)) (2.17) 
Ji Js 

where e*-' = e**-'. This implies that the phase space variables are the components of the 
spatial gauge field As = Aidx^ and that their canonical Poisson brackets are given by 

{Al^{x),A^{y)} = e^^5^'\x-y){Uip), (2.18) 

where ^ {Ja^ Pb}a,b=o,i,2 are the generators of the Lie algebra © and 5'^'^\x — y) is 
the delta distribution on S. The time components At of the gauge field act as Lagrange 
multipliers which impose the six primary constraints jF"(x) = e"^^ F^[A{x)] = 0. It is easy 
to check that these primary constraints are first class and that the system admits no more 
constraints. They form a Poisson algebra, and they generate infinitesimal gauge symmetries. 

When expressed in terms of the BF variables e and uj, the only non-trivial Poisson brackets 
in ( 12.18P are the ones which pair the components of the triad and spin connection 

{et{x),u;'^{y)} = r^^' e.^ 6^'\x - y) . (2.19) 

Roughly speaking, the triad e and the connection u are canonically conjugated variables. 
Moreover, by considering this expression, one finds that the first class constraints can be 
grouped into the two sets 

F{x) =e^^Fjk[uj{x)] = and T{x) = e^''Tjk[e{x),uj{x)] = (2.20) 

which generate the infinitesimal gauge symmetries given by (12.151) . (I2.16P 

{a,F^{x) + VaT''{x),e,{y)} = 6^^\x - y) 6e,{x) (2.21) 
{aaF''{x)+VaT''ix),uj^iy)} = 5^^\x - y) 6iu^{x). 
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The physical phase space 

To give a simple presentation of the physical phase space, it is advantageous to work with 
the Chern-Simons formulation of the theory. Let us recall that solutions of the constraints 
form an infinite dimensional affine space, the space of fiat JG-connections on S denoted 
by J^{IG,S). This space inherits a Poisson bracket fl2.18p from the Chern-Simons action 
and the gauge symmetry action fl2.14p . The physical phase space, denoted V{IG, S), is the 
moduli space of fiat JG-connections modulo gauge transformations on the spatial surface S: 

V{IG, S) = T{IG, S)/gs Qs = C^iS, IG) . (2.22) 

It inherits a symplectic structure from the Poisson bracket on J^{IG, S) and, remarkably, is of 
finite dimension. More specifically, the physical phase space V{IG, S) can be parametrised 
by the holonomies along curves on the spatial surface S and is isomorphic to the space 
Hom(7ri(S'), IG)/IG, where the quotient is taken with respect to the action of IG by simul- 
taneous conjugation. The physical observables are, by definition, functions on V{IG,S). A 
basis can be constructed using the notion of spin-networks on S. Alternatively, one can work 
with conjugation invariant functions of the holonomies along a set of curves on S represent- 
ing the elements of its fundamental group 7ri(S'). The Poisson bracket between two such 
observables was first described by Goldman 

3 Discretisation of the phase space 
3.1 Discretisation via graphs 

We are now ready to discuss the discrete descriptions of the phase space underlying three- 
dimensional loop quantum gravity and the combinatorial quantisation formalism, the latter 
of which is due to Fock and Rosly [20] • In both cases, the phase space is discretised by means 
of graphs embedded into the spatial two-surface, and the resulting descriptions are equivalent. 
However, as we will show in the following, there are important conceptual differences between 
the two discretisations which directly manifest themselves in the corresponding quantisation 
approaches. 

We start by introducing the graphs used in the discretisation. In the following we consider 
an oriented two-surface S of general genus and with a general number of punctures together 
with an oriented graph P embedded into the surface. We do not restrict attention to graphs 
associated with or dual to triangulations, but require that the graph is sufficiently refined to 
resolve the surface's topology. We denote by Vr and Er respectively the set of its vertices 
and the set of its oriented edges. For a given edge X E Er we denote by s(A) its starting 
vertex and by t{X) its target vertex and write —A for the edge with the opposite orientation. 
For each vertex v, we introduce the set S{v) = {X E Er \ s{X) = v} of edges starting at v 
and the set T(t>) = {X E Er \ t{X) = v} of edges ending at v, as shown in Fig. [TJ 

Such a graph is sufficient to define spin network functions and to formulate the three- 
dimensional version of loop quantum gravity. However, for the combinatorial quantisation. 
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additional structures are required. More precisely, we need a ciliated fat graph, which is 
obtained by adding a cilium at each vertex of the oriented graph as shown in Fig. [H As the 
orientation of the surface S induces a cyclic ordering of the edges starting or ending in each 
vertex, the addition of the cilium defines a linear ordering of these edges. 



Figure 1: Illustration of the discretisation of a genus two surface 5 by a graph T. On the right, 
we focus on a particular part of T where the structures of the graph have been highlighted: the 
edges are oriented and the vertices are endowed with a cilium (the short thin lines) which defines 
a linear ordering of the incident edges. At the vertex v, we have we have S{v) = {Ai,A4} and 
Tiv) = {A2,A3}; 0{Xi,s) < 0(A2,t) < 0(A3,s) < 0(A4,i)- 

In the following we write 0(A,s) < 0(r, s) (0(A,s) < 0(r, t)) if A is an edge starting at v 
and of lower order than another edge r starting (ending) at the same vertex and, analogously 
0{X,t) < 0{t, s) (0(A,t) < 0(r, t)) for edges A that end at the vertex, as shown in Fig. [TJ 
We denote by S'^{s{X)), S^{s{X)), respectively, the set of edges starting at the starting 
vertex of A and of higher and lower order than A and by T+(s(A)), T^(s(A)) the set of edges 
ending at the starting vertex of A and of higher and lower order than A 



S^{s{\)) = {r] e Sisi\)):0{\,s)<Oir],s)} S-isi\)) = {r] e S{s{\)):0{\,s)>0{r],s)} 
T+(s(A)) = {77Gr(s(A)):0(A,s)<0(r/,t)} r-(s(A)) = {77 G T(s(A)):0(A,s)>0(r/,t)} 



Analogously, we define the sets S'^(t(A)), T^(t(A)). Note that these definitions are also valid 
for edges A, 77 G -Er that are loops based at a vertex of the graph. For instance, the set 



5+(s(A)) n T+(s(A)) = {r^ G S{s{\)) n T(s(A)) | 0{r], s), 0{r], t) > 0(A, s)} (3.1) 



denotes the set of loops rj based at the starting vertex of A for which both ends are of higher 
order than A. If A is a loop, we write 



for the set of edges that lie between the two ends of A with respect to the ordering at the 
vertex s(A) = t(A). These sets are illustrated in Fig. [2l 

3.2 Phase space variables 

In the discrete description of the phase space, the continuous dynamical variables, the con- 
nection A{x) in the Chern-Simons formulation and the triad e{x) and the spin- connect ion 




5+(s(A)) n S-{t{\)) = {r]e S{s{\) I 0(A, s) < 0{r], s) < 0(A, t)} 



(3.2) 
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Figure 2: Illustrations of the sets and defined in ([3l]): 5+(t(Ai)) = {A2, A4, A5, Ae}, 
r+(t(Ai)) = {A3,A4}, T-{s{X2)) = {Ai}, r-(t(A2)) = {A7} 



a;(a:) in the BF formulation of the theory, are replaced by "non-local" variables associated 
to oriented paths on the spatial surface S. In three-dimensional loop quantum gravity, these 
variables are obtained by integrating the G-connection u and the triad e over general paths 
7 : [0, 1] — > 5 on the spatial surface. This amounts to assigning a group element E G and 
a vector G to each path 7 

= Pexp / uj^dx^ and '?7 = / e^^dx^ . (3.3) 
J ^ J ^ 

In the Chern-Simons formulation, triad and spin connection are combined into a Chern- 
Simons gauge field. This makes it natural to work with JG-valued phase space variables 
obtained by integrating the Chern-Simons gauge field A along paths on S. Parametrising 
elements of the three-dimensional Euclidean and Poincare groups as in 02.41) . one assigns a 
G-element and a vector G to each path 7 

= {u^, -Ad(M^)j^) = Pexp / A^dx^". (3.4) 

The variables obtained by reversing the orientation of the path 7 are then related to the 
original variables as follows 

W-7 = S ^ , J-7 = -Ad(M^)j^, = -q^ . (3.5) 

From the definition of the gauge field A, it is easy to see that the G- valued variables 
agree with the ones used in loop quantum gravity and defined in (13.31) . Moreover, a short 
calculation shows that the vectors are given in terms of the triad and the spin- connect ion 
by the relation 

'' M{u-\y))e,{y)dy^, (3.6) 

where m^(?/) denotes the path ordered exponential along 7 from the starting point 5(7) to 
y G 7. We see that there is a priori no simple and explicit relation between the vectors 
and q^ at the classical level. However, we will demonstrate in Section 14.21 that the associ- 
ated operators on the Hilbert spaces of the quantum theory exhibit a direct and physically 
intuitive relation. 
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3.3 Poisson structure 



In the description of the phase space underlying the loop quantum formalism, the canonical 
Poisson structure (12.191) induces a bracket on functions of the group elements and the 
vectors associated to paths 7, r : [0, 1] ^ 5* which intersect transversally in a vertex. 
From the canonical Poisson bracket ( 12.19^ of the triad and spin-connection, it follows that 
the bracket of functions of the G-elements u^, vanishes 

{/7,^7r}=0. (3.7) 

Similarly, one has for the bracket of the associated vectors g^, 

{g;,g'} = o. (3.8) 

The only non-trivial brackets are those of functions of the G-elements with vectors q^. A 
standard calculation, see for instance P, yields 

{g^, f]{ur,Ur,) = ^|t=o/(«ne*^»u,J, (3.9) 

where t = ti and t(ri) = s(t2) is the intersection point between r and 7. Note that 
this bracket is only defined for paths 7, r which intersect transversally, i. e. for which the 
oriented intersection number is well-defined. 

In the combinatorial formalism, the issue of the Poisson structure is more subtle. This is 
partly due to the fact that one works with JG-valued holonomy variables, which combine 
the G-holonomies ux E G and the vectors j\ G and whose brackets are intrinsically more 
complicated. Moreover, one cannot restrict attention to transversally intersecting paths but 
also needs to consider paths which meet in their starting and end points. Expanding the path 
ordered exponential (13. 4p does not yield a well-defined expression for the Poisson bracket of 
such variables due to the presence of delta-distributions at the end points. This implies that 
the canonical Poisson structure associated to the action does not induce a Poisson structure 
of these variables. 

A regularisation of these ill-defined Poisson brackets is provided by the formalism of Fock 
and Rosly [20] • This regularisation requires a graph F endowed with a ciliation which induces 
a linear ordering of the edges incident at each vertex of F as defined in Subsection 13.11 The 
other central ingredient is a classical r-matrix for the gauge group IG, which is explained 
in appendix |Al It has been shown by Fock and Rosly [20] that together with the ciliation 
such a classical r-matrix allows one to define a consistent Poisson bracket on the variables 
obtained by integrating the Chern-Simons gauge field along the edges of the graph and 
that this auxiliary Poisson structure induces the canonical Poisson structure on the physical 
phase space. A summary of Fock and Rosly's Poisson structure pOj and its application to 
three-dimensional gravity is given in appendix Rl 

When applying Fock and Rosly's Poisson structure to three-dimensional gravity, one finds 
the Poisson bracket of the G-holonomies associated to different paths on S vanish as they 
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do in the loop formalism. More generally, we have 

{/,(?} = V/,^7eC°°(Gl^^l), (3.10) 

where the arguments of / and g are identified with the G-holonomies ux along the edges 
A G Ey- The bracket of vectors with functions / G C°°((j''^^') is given by certain vector 
fields X\ on the manifold G'^^' which will be described explicitly below 

{jlf}=Xlf V/ G C°°(Gl^^l). (3.11) 

The brackets between the vectors are given by the Lie bracket of the associated vector 
fields and can be determined explicitly via the Jacobi identity 

{{fx. Jr). /} = {fx. {fr. /}} - {fr. {fx. /}} = (^A^^ " KX^) f = [X^ X^]f . (3.12) 



In order to give explicit expressions for the vector fields we need to introduce some 
notations. In the following, we write f\ G C°°(G'l^rl) for a function that depends only on the 
group element u\ associated to a given edge A G E^. We denote by L\ and R^, respectively, 
the right- and left-invariant vector fields (12. 3p corresponding to the variable u\ 

Rlfr = R^fr if r = A, otherwise R^fr = (3.13) 
Llfr = L^fr if r = A, otherwise L^fr = 0. 

By applying Fock and Rosly's prescription to the case at hand, we then obtain expression for 
the Poisson brackets and the vector fields (I3.1ip in terms of these right- and left-invariant 
vector fields 

{fJ}=XU = -Rlf-Y^R^J~Y.^rf + m^^x')\ i J2^rf+Y.^rf] ■ (3-14) 

tGS+{s{A)) tGT+{s{A)) \T£S+{t{X)) TgT+(t(A)) / 

Although the general formula is rather complicated, the action of the vector fields X° on the 
group elements u^, r G E^, corresponds to a simple and intuitive geometrical prescription: 



1. Group elements Ur associated to edges r which do not have a vertex in common with 
A are unaffected by the action of Xy 

2. Group elements Ur associated to edges r which do have a vertex in common with A 
but are of lower order at this vertex are unaffected. 

3. X^ acts on the group element ux by right multiplication X'^fx = —R"'fx- 

4. X^ acts on the group elements Ur associated with edges r G ^^(^(A)) which start 
at the starting vertex s(A) and are of higher order than A (case a in Figl3]) by right 
multiphcation: X^f^ = —R^fr- 
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These rules allow one to compute the action of the vector fields X" on any function / G 
C°° (G^^^^) . In particular, its action on edges that end at the starting vertex of A or start or 
end at its target vertex (cases b, c, d in Fig. [3|, respectively) is obtained by using formula 
f l3.5p to invert the orientation of the edges. This yields 

r G T+(s(A)) (case b) (3.15) 
r G 5+(t(A)) (case c) (3.16) 
r G T+(t(A)) (case d). (3.17) 




A 






(b) 

Figure 3: The four different configurations for two edges meeting at a vertex. 

Note that this prescription is also defined for loops that start and end at the same vertex or 
for loops that have two vertices in common. In this case, one simply applies the prescription 
above to both ends of the edges and adds the resulting expressions. 

Example 3.1 As an example, we consider the configuration with three loops 7, k, r repre- 
sented in Fig. The linear ordering is such that 0{k,s) < 0(7, s) < 0{K,t) < 0{j,t) < 
0{t,s) < 0{T,t). Applying formula fl3.14p . one finds that the Poisson brackets between the 
associated loop variables j^, j with functions of the holonomies u^,UK,Ur are given by 

{3lf.} = -{R' + nf. (3.18) 
Action ofX,: {j-, /,} = - {{6^, - Ad{u'^'))\L' + R^) f, 
fr} = -m - Ad{u-'))\{L' + R')f^ 

{J^^/J = -LV. (3.19) 
Action ofX,: {j- f,} = -{R^ + L-)f, 

fr} = - Ad{u~'))\iL'' + R')f, 

{j:,/J = (3.20) 
Action ofXr.- {jrJj} = 

{j:jr} = -iR'' + L'^)fr, 



14 



where L"- , i?" are the right- and left-invariant vector fields f l2.3p on G. For functions 
/k; A) /r G C°°{G^^^^) which are invariant under conjugation, i. e. physical observables, the 
only non-vanishing brackets in (13.181) are 

{j:, /,} = Ad{u-')\L'f, {j;, /J = -LV. (3.21) 

This agrees with the result derived from formula (\3.9\i and demonstrates the dependence of 
the brackets on intersection points evident there. It is a manifestation of the fact that the 
Fock and Rosly bracket of graph gauge invariant functions is identical to the canonical bracket 
on the physical phase space. 




Figure 4: Examples of a ciliated graphs with edges that are loops. 
3.4 Physical phase space 

We are now ready to discuss the implementation of the constraints and the construction 
of the physical phase space. In both formalisms, the construction of the physical Hilbert 
space requires the implementation of a discrete version of the constraints (12.131) . These are 
obtained by integrating (I2.13P along each closed, contractible loop 7 on the spatial surface 
S and reflect the topological nature of the theory 

F[7] =u,^l T»[7] = Ad{u,)\j'^ = I M\{u,u-\y))el{y)dy^ ^ 0. (3.22) 

The constraint F[y\ corresponds to the flatness condition -F^i/fcu] = and the constraint T" 
to the Gauss constraint T^j_y[e,uj\ = in (I2.13p . In the Chern-Simons formulation of the 
theory, these conditions are combined into the requirement that the JG-valued holonomy 
given by (13.40 is trivial for any contractible loop 7 on S. 

In the loop formalism, the construction of the physical phase space is usually not discussed 
separately on the classical level but follows from the corresponding discussion for the quan- 
tum theory. The general idea is to select certain paths 7 on the spatial surface S which 
form a graph and to consider the associated discretised variables m^, defined as in (13. 3p . 
While both the Gauss constraint F[x\ and the Hamiltonian constraints T°-[x\ are discretised 
by integrating them along loops on the spatial surface as in (I3.22p . different paths are cho- 
sen for this discretisation: For the Gauss constraint T"[7] one selects small closed loops 7 
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around the vertices of the graph which intersect its edges transversally. The discrete version 
FIj] of the Hamiltonian constraint is obtained by integrating it along closed loops in the 
graph itself. One then obtains a set of discrete constraints which generate discrete gauge 
transformations acting on the variables u^,q^. The details then depend on the choice of the 
paths and the choice of the discretisation, and there appears to be no standard convention in 
the literature. A detailed investigation of these gauge transformations and the construction 
of the physical Hilbert space for a particular choice of such a discretisation is given in [18]. 

In the combinatorial formulation, the situation is more involved, as one works with JG- valued 
holonomies associated to a fixed graph. To discuss the constraints and the construction of 
the physical phase space, one considers the space of graph connections = C°°(G'I^'"I) ® i7r 
with Jr = {jx\^ ^ -^'r}, which consists of assignments of JG- valued holonomies Hr to each 
edge r G r and can be viewed as a discrete version of the space of JG-connections on the 
surface S. Similarly, the discrete version of the space of flat connections jFp is the space of 
fiat graph connections and is obtained from the space of graph connections by imposing the 
constraint of vanishing JG-holonomy for all closed, contractible loops £ = A„ o . . . o Ai of F 

J](nA,-AdK)jA)~l, (3.23) 

xee 

where the product runs over the edges A„, . . . , Ai in the loop i in the order in which they 
appear in the loop. The G-component and the translational component of this constraint 
correspond to the variables fl3.22p for 7 = £ and are given by 

n 

Fe = {ux„---ux„0)^l and T, = (1, Ad(K_, ■ ■ ■ w^J-^b^J ^ 0. (3.24) 

i=l 

There is also a discrete version of the group of gauge transformations Q: the group Qr of 
graph gauge transformations which is isomorphic to /G'^'"'. A graph gauge transformation 
is an assignment of an /G-element = {g^, —Ad{g^)x^) to each vertex v G Vr- Its action 
on the graph connections is given by 

H, ^ G,(,) • H, . G;^\^ (3.25) 

or, equivalent ly, 

ux ^ gt{\) ■ ux ■ g;(\) (3.26) 

Jx ^ Ad(^,(A))(jA - Xs{x)) + Ad{gs{x)Ux^)xt{x)- (3.27) 

For any sufficiently refined graph F, the phase space of the theory which is the moduli space 
of flat JG-connections on the surface 5* modulo gauge transformations is isomorphic to the 
quotient of the space jFp of flat graph connections modulo graph gauge transformations: 

V{IG, S) - TvlQv . (3.28) 

The central result of Fock and Rosly [20j is that the Poisson structure given by equations 
fl3.10p . (13.111) . (I3.12P descends to this quotient and induces the non-degenerate symplectic 
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form on the moduli space of flat connections. In other words: physical observables are 
represented by functions on jFp which are invariant under the graph gauge transformations 
Qr, and the Poisson bracket of such observables agrees with the one given by the Fock-Rosly 
Poisson structure. As a result, the symplectic form depends neither on the choice of the 
(sufficiently refined) graph F, nor on the choice of the cilia on the vertices. In that sense, 
the description by Fock and Rosly [20] is an exact discretisation of Chern-Simons theory. 
Moreover, it can easily be extended to the case of surfaces with punctures representing 
massive point particles. The only modification required is an additional set of constraints 
similar to (13.231) which restrict the JG-holonomies of loops around particles to fixed IG- 
conjugacy classes 

l[{ux,-Ad{ux)j,)eC,, (3.29) 

where £ is a loop around the ith particle and Cj the JG-conjugacy class associated to this 
particle. 

These results allow one to choose a minimal simplicial decomposition of S for the graph F, 
i. e. a set of generators of the fundamental group 7ri(S'). This is the starting point of the 
combinatorial quantisation of three dimensional gravity. However, as the purpose of this 
paper is a comparison between the combinatorial quantisation and loop quantum gravity, 
the latter of which is based on the space of cylindrical functions on general graphs, we will 
not restrict attention to such graphs in the following. A detailed discussion of the relation 
between general ciliated graphs and minimal simplicial decompositions is given in Sect. [61 

4 Hilbert spaces and operators 

4.1 Quantum states and kinematical Hilbert spaces 

In both formalisms, the quantisation proceeds in two steps. The first is to promote the 
discrete graph variables to an algebra of operators and to determine its unitary irreducible 
representations, which define the space of quantum states. In both cases, the quantum 
states form the so-called space of cylindrical functions on F which is the space C°°(G'^'"') 
of functions of the G-valued holonomies assigned to the edges of the graph. Note that the 
topological nature of the theory in three dimensions allows one to restrict attention to a 
single graph as long as it is sufficiently refined to resolve the topology of S. The resulting 
quantum theory will be independent of the choice of the graph. 

The second step is the construction of the kinematical and physical Hilbert spaces. This is 
done by promoting the constraints to operators acting on the space of cylindrical functions 
C°° (G^^^^) . Schematically, kinematical states are the kernel of the quantum operators asso- 
ciated to the discretised version of the torsion T(x). Physical states are kinematical states 
which are in the kernel of the operators corresponding to the curvature F{x) (I2.20p . 

In this Section, we focus on the space of quantum states and the construction of the kine- 
matical Hilbert spaces in both approaches. We relate the fundamental quantum operators 



17 



acting on these spaces and show how this relation provides a clear physical interpretation of 
the operators in the combinatorial formalism from the viewpoint of loop quantum gravity. 
The construction of the physical Hilbert space is discussed in Sect. |6l 

Loop quantum gravity 

In loop quantum gravity, a quantum state is a priori any function of the spin-connection tu, 
and the two basic operators are the spin connection uj and the triad e. The former acts by 
multiplication and the latter as a derivative operator 

e\{x) = -ze,,r/^^-^. (4.1) 

However, many arguments [25], [26], [27] lead to the conclusion that a quantum state is in fact 
a function of the G- valued holonomies obtained by integrating u along the edges of the 
graph. The space of quantum states is thus the space C°°(G^^^^) of cylindrical functions for 
r endowed with the L'^(G^^^^) norm 



{ijj, 4>) = j d^{ui) ■ ■ ■ dlJ,{u\Er\) • • • , U\Er\)4>{ui, ...,U\Er\) (4.2) 

where dfi is the Haar measure on G. The basic discrete variables of loop quantum gravity 
f l3.3p are cylindrical functions associated with F and the quantum counterparts of the vari- 
ables in (13. 3p . The former act by multiplication, which can easily seen to be unitary with 
respect to the norm (14.20 

Il{F)ip = F-ip . (4.3) 

The action of the operators is more subtle: As in the classical theory, the action of q^ on a 
variable uy is well-defined if and only if the paths 7 and 7' admit a well-defined intersection 
number, i. e. they cross transversally. Thus, the action of q^ is not well-defined when 7 is a 
single edge of F; the path 7 has to be the composition of at least two edges. For instance, 
the action of qx^xi^x^ on a state tpiux^ux-^) where t(Ai) = s(A2) = ^(As) = s(A4), as illustrated 
in Fig. [S] is given by 

n(gA2A',Aj^ =ij^\t=oi'{ux,e'-^^ux,). (4.4) 

This formula is a direct quantisation of the Poisson bracket (13. 9p . Its extension to general 
paths is immediate, and it follows that the operators q^ act as vector fields on the space of 
cylindrical functions. Together, (14. 3 p and (14. 4p provide an unitary representation 11 of the 
algebra of quantum operators on the space of cylindrical functions on the graph F. 

The kinematical Hilbert space is obtained as the set of solutions of the quantum Gauss 
constraint and its construction is well-understood. Kinematical states are functions ip G 
C°°(G'''^'"') of the G-holonomies along the edges of F that satisfy the invariance condition 

^(mai,-.,mA|b^i) =^{g^^^^^ux,gt(\^),...,g^\ \)'^\Er\9t{>^\E^\))'^9 = (^^1, ^|Vr|) €^1^^1(4.5) 
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Figure 5: Illustration of a case where the derivative operator has a non-trivial action on a 
quantum state whose support is a graph 7': 7 = A2A2A1 and 7' = A4A3. The operator acts 
schematically on the common vertex 7 fi 7'. 

Due to left and right invariance of the Haar measure on G, the norm (14.21) is compatible 
with the quotient and induces a norm on Hkin- In the case G = SU{2), a dense basis of 
Hkin is provided by the spin network functions obtained by assigning a representation of G 
to each edge e E Ey and an intertwiner to each vertex w G Vr- In the case G = SU{1, 1), the 
spin network functions have a tendency to diverge due to the non-compactness of the group. 
Moreover, the Peter- Weyl theorem implying that these functions are dense for compact 
groups does not hold anymore. The construction of spin-networks for this group has been 
investigated in ^ |29] 

The representation 11 defined in (14. 3p . (14.41) provides a representation of kinematical operators 
acting on H^in- An important kinematical operator is the quantum counterpart of the 
classical length of a path 7 : [0, 1] ^ S* 



The standard quantisation [30] is such that spin-network states ipr are eigenstates of the 
associated operator. It has been found in [30] that its spectrum is discrete in the Euclidean 
case while it has discrete (for timelike curves) and continuous (for spacelike curves) sectors 
in the Lorentzian case. 

Combinatorial formalism 

In the combinatorial formalism, the particularly simple structure of the classical Poisson 
algebra for vanishing cosmological constant allows one to construct the kinematical Hilbert 
space and kinematical operators in a straightforward way. This is due to the fact that the 
Poisson brackets of functions / G C°°{G^^^^) vanish while the vectors j\ are identified with 
certain vector fields acting on functions / G C°°{G^^^^). The classical Poisson algebra is 
therefore of the type considered in Sect. 3.1. in [11] and can be quantised via the formalism 
established there, see in particular Theorem 3.1, Theorem 3.3. and Theorem 3.4. 

By applying these results, one finds that the space of quantum states is the same as in 
the loop formalism, the space C°°(G''^'"') of cylindrical functions associated to the graph P 
equipped with the norm (14. 2p . The basic quantum operators are the cylindrical functions 
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(4.6) 
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F E C°°(G''^'"') which act by multiphcation as in (14.31) and the quantum counterparts of the 
vectors j X E Ey , whose action on the states is given by: 

liijDi' =i{jlM (4.7) 

rg5+(s(A)) tGT+(s(A)) yrG5+(t(A)) raT+{t(X)) / 

In contrast to the situation in loop quantum gravity, the representation n(j") of these 
operators is well-defined when A is a single edge of the graph F. 

The kinematical Hilbert space -fffcm is obtained by imposing invariance under the graph 
gauge transformations (13.261) and hence characterised by (14.51) as in the loop formalism. 
The basic kinematical operators are functions F G C°°(G''^'"') satisfying (14. 5p . which act 
by multiplication, and operators J that are linear combinations of the variables j^^ with 
cylindrical functions as coefficients and preserve (14. 5p . The latter can be identified with the 
vector fields on G'^'"! whose fiow commutes with the action of the constraints T^. 

Two fundamental kinematical operators are the "mass" operator and "spin" operator se 
associated to closed loops £ = A„ o ... o Ai in F. Their action on H^in is given by 

n(m2)V; =p^,-^ Il{m,se)^ = ■ U{j^)^, (4.8) 

where p° are cylindrical functions and are operators associated with the /G-valued holon- 
omy Hi as follows 

Hi = Hx„--- Hx, = («,, -Ad(w,)j,) (4.9) 

A detailed discussion of their action on quantum states and their physical interpretation is 
given in the following subsections. 



4.2 The link between combinatorial and loop quantum gravity kinematics 

Operators in loop quantum gravity and in the combinatorial formalism 

We are now ready to establish the relation between the kinematical operators in the combina- 
torial formalism and in loop quantum gravity. As discussed in the last subsection, the spaces 
of quantum states and the kinematical Hilbert spaces in the two approaches are identical. 
Moreover, in both cases functions of the G-valued holonomies assigned to the edges of the 
graph F act on these spaces by multiplication. However, it remains to understand the role 
of the additional structure in the combinatorial formalism, the ciliation which establishes a 
linear ordering of the incident edges at each vertex, and to relate the operators jr\ and q^. 
While formulas (13. 3p . (13.60 provide an explicit expression of the associated classical variables 
in terms of the triad e and the spin- connect ion a;, there is a priori no direct link between 
these variables. However, as we will see in the following, they exhibit a clear and physically 
intuitive relation at the quantum level. 
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We start by determining how the operators in the combinatorial formahsm can be un- 
derstood from the viewpoint of loop quantum gravity. For that purpose, we consider the 
dual r of the graph T and the associated operators obtained by integrating the triad over 
the dual edges A as in fl3.3p . We orient the dual graph in such a way that the intersecting 
number between A and A is +1. As the edges A and A generically cross at a point of A, this 
does not give rise immediately to a well-defined representation of the operators on the 
space of cylindrical function C°°(G'^'"'). However, such a representation is obtained if one 
considers the operators in the limit where the intersection point of the edge A and its 
dual edge A is moved towards the starting point s(A) or the endpoint t(A), as illustrated in 
Fig. El 




Figure 6: Geometrical construction of the operators q^s Qxt- We consider a graph (thick 
plain lines) and its dual (thin dashed lines): A is the edge between the two vertices. The operators 
qx s (resp. qx t) obtained by moving A towards the starting (resp. end) point of A and are 
associated to the dual edges A^ (resp. A^). 



Denoting the associated operators, respectively, by q^^s ^^'^ Qx,t using formula (13. 9p . we 
then find that their action on the space of cylindrical functions is well-defined and given by 
the left and right- invariant vector fields on C'^r 

UiqlJ^P = iRlij Yi{ql,)^ = -iL^,. (4.10) 

Comparing these formulae with expression (14. 7p for the action of the operators we find 
that we can identify j\ with a certain linear combinations of the operators qxg-, qxt 
follows: 

3x = -Qx,s -J2Qr,s + + Ad(n-i) ^g,^, - J^q^^ . (4.11) 

T(^S+{s{\)) rer+(s(A)) \rG5+(t(A)) rGT+(t(A)) / 

This identification will provide us with a clear geometrical interpretation of the operators jx 
and their relation to the loop quantum gravity variables qx- Moreover, it sheds light on the 
role of the cilia in the two quantisation formalisms. To see this, we consider the following 
path 7a in the union F U f of the graph F and depicted in Fig. [3 

(i) 7a starts at the cilium at the vertex s(A) and goes along the edges of the dual graph 
f against the orientation at s(A) until the path crosses the edge A (the blue path in 
Fig. CD; 
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?7A = -Qs + u^^qtUx 




Figure 7: The construction of the path 7;^: the edge A is represented by a black line. The four 
components of the path 7;^ and the associated dual edges are depicted in blue, green, purple and 
red. Other edges incident at the starting and target vertex of A are brown. Cilia are represented 
by thin black lines at the vertices and the orientation of the surface is anti-clockwise. 

(ii) it continues along A to the vertex t(A) (the purple path in Fig. [T]); 

(iii) it goes along the edges of the dual graph in the sense of the orientation at t(A) until 
the path arrives at the cilium at t(A) (the green path in Fig. [7]); 

(iv) it goes back along the edge A to the cilium at the starting point s(A) and closes there 
(the red path in Fig. [7]). 

Note that the resulting loop contains the two vertices of A with the associated cilia, and that 
these cilia together with the orientation of S determine which of the edges of the dual graph 
are contained in the loop 7a. 

Let us now compute the IG valued holonomy H^^ of the path 7^. Using the group multipli- 
cation law (12.51) and taking into account the orientation of the dual edges, we find that this 
holonomy is given by 

rg5+(t(A)) T€T+{t{X)) Te5+(s(A)) rer+(s(A)) 

The result is given as the product of four terms associated to the different components of 
the path 7^: 

(i) the first one (on the right in (14.121) ) corresponds to the sum over all vectors asso- 
ciated to the duals of edges r incident at the starting point of A and of higher order 
than A, taking into account their orientations (the blue arc in Fig. [T]); 
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(ii) the second term [ux, 0) corresponds to the G-holonomy along A (the purple line in 

Fig. ED; 

(iii) the third term corresponds to the sum over the vectors for the duals of edges r 
incident at the target vertex of A and of higher order than A (the green arc in Fig. [7]); 

(iv) the last term, (m^^, 0), corresponds to the G-holonomy along —A (the red line in Fig. [7]). 

We now consider the operator associated to the translational part q^^ of this holonomy. 
After moving A and the duals of all other edges incident at the starting point s(A) towards 
s(A) and the duals of all other edges incident at the t(A) towards t(A) as shown in Fig. [3 
formula fl4.1Up implies that the action of this operator on the states is given by 

U{ql)^ = -zRl^ -J2^Ry -Y^iK^ + ^M{uly, [ J^i?^^ +Y.LI^ I , (4.13) 

re5+(s(A)) Ter+(s(A)) \Tes+(t(X)) T&T+(t(X)) J 

which agrees with equation (14.71) for the action of Hence, we can identify the operators 
in the combinatorial formalism with the loop quantum gravity operator q^^ for the path 
7a in the limit where the edges of the dual graph are moved towards the starting and target 
vertex of F. 

Physical interpretation 

Equation fl4.13p is one of the core results of our paper and provides a clear geometrical 
interpretation of the kinematical operator and its relation to the loop quantum gravity 
variables q^^. The definition (13. 3p of the classical variables associated with the operators q^ 
suggests an interpretation of the operators q^ as a relative position vector of the ends of the 
path 7. With this interpretation the terms 

qs= qt= Y.'ir+Y.'i-r (4-14) 

TeS+{s{X)) T&T+{s{X)) T€S+{t{\)) rgT+(t(A)) 

in (I4.12P which are depicted in Fig. [7] can be viewed as the relative position vectors of the 
intersection point A fl A with respect to the cilia at the starting and target vertex of A. 

In the limit where the dual edges are moved towards the starting and target vertex of A 
they can be interpreted as, respectively, the relative position vectors of s(A) and t(A) with 
respect to the cilia at these vertices. The G-valued holonomy ux has the interpretation of 
a Lorentz transformation or rotation relating the two reference frames associated with the 
starting and target vertex of A. Conjugating the relative position vector q^ at t(A) with the 
inverse of this holonomy therefore corresponds to transporting it into the reference frame 
associated with the starting vertex s(A). The operator q^^ is then obtained by subtracting 
q^ from Ad{u^^)q^. It can therefore be viewed as a relative position vector of the edge ends 
s(A) and t{X) in the reference frame associated with s(A). 

The relation between the operators q^^ and j\ also sheds light on the role of the cilium in 
the combinatorial and the loop formalisms: The addition of cilia at each vertex corresponds 
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to the choice of a reference point which allows one to consistently assign a position vector 
to each edge incident at the vertex. It therefore enters the definition of the variables 
which give the relative position of the starting point and the endpoint of A in the reference 
frame associated with its starting point. Note that this interpretation is also supported by 
the transformation of the variables under the reversal of edges given in fl3.5p : While 

the position vectors acquire a minus sign, the operators jx acquire a minus sign and 
are multiplied with a factor Ad(MA), which describes their transport in the reference frame 
associated with the target vertex. 

The case of a loop 

To deepen the understanding of the relation between loop quantum gravity operators and 
combinatorial operators and their physical interpretation, it is instructive to consider the 
situation where A is a loop as depicted in Fig. [HI For notational convenience we assume its 
ends to be ordered such that 0(A, s) < 0(A,t). The expression (14. lip for the associated 
operator j\ then simplifies and can be written as a sum = sx + £x with 



By considering these two terms illustrated in Fig. [8] we find that the vector sx corresponds 
to the contribution of the edges "inside" the loop A (the blue edges in Fig. M and £x to the 
one of the edges "outside" the loop A and of higher order than t(A) (the green edges in 
Fig. [8]). The notions of "inside" and "outside" are provided by the cilium: the "outside" 
of the loop is the component of the surface S which contains the cilium when S is cut 
along the loop. We interpret these two contributions by relating them to the kinematics 
of particles in three-dimensional gravity, which have been discussed extensively by many 



At the kinematical level, a relativistic particle moving in three-dimensional Euclidean or 
Minkowski space is characterised by a position three-vector x and its momentum three- 
vector p. The kinematical observables are the momentum three-vector p together with the 
total angular momentum three- vector j. They form a Poisson algebra which reproduces the 
three-dimensional Euclidean or Poincare algebra. The mass m and the spin s of the particle 
are given by the Casimir functions of the Poisson algebra p^ = m? and p ■ j = ms. As 
a consequence, the total angular momentum three-vector j decomposes naturally into its 
longitudinal component s with respect to p and its orbital angular momentum i 



It has been shown that in the presence of gravitational interaction the momenta of particle 
become group valued. Equation (I4.17P is modified and approaches the non-gravitational 




(4.15) 



(4.16) 



authors [T8l[23l[ai[32l[33l[Ml[35l[36l[371[3a 




■p + X /\p. 



(4.17) 
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Figure 8: Example of a loop A attached to a vertex. The part which does not contain the cilium 
defines the inside of A. The blue edges inside (resp. the green edges outside) the loop contribute to 
the spin-vector (resp. orbital momentum) associated to the loop A. The edges depicted in brown 
do not contribute to the variable 2\- 

form (14.171) in the low-mass limit ^ 

j = + (1 - Ad(e-P"^''))a; = + p A x + Oip"). (4.18) 

To exhibit the link with the kinematics of a classical particle, we parametrise the G-holonomy 
of the loop A G -Er in terms of a three-vector 

ux = e''-'% Vl = ^l- (4.19) 
A short calculation involving (I4.15p . (14.161) then yields 

Pa ■ J A = Pa ■ «A = "^a^a Pa-^a = (4.20) 

This implies that only the inside edges between the two ends of the loop A (the blue edges 
in Fig. [H]) contribute to the spin of a loop A. The projection of the sum over the position 
vectors of these internal edges in the direction of can be viewed as an internal angle, which 
generalises the deficit angle arising in spacetimes with particles. The associated quantity s\ 
therefore defines an internal angular momentum or spin. The component l\ defined in 
(I4.16P which arises from the external edges (green in Fig. [H]) is necessarily orthogonal to the 
momentum and therefore contributes only to the orbital angular momentum in (I4.18p . 
The sum over the position vectors of the external edges can therefore be viewed as an external 
position vector for the loop with respect to the cilium at its vertex. 

5 Quantum double symmetries 

5.1 The quantum double D{G) in three-dimensional gravity 

In this section we derive the second core result of our paper: We demonstrate how quantum 
group symmetries arise in three-dimensional loop quantum gravity and the combinatorial 
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quantisation formalism. The relevant quantum groups are the quantum doubles D{G) of 
the three-dimensional Lorentz and rotation group. The role of the quantum groups in the 
combinatorial formalism is well-understood for the case where the graph F is a minimal 
simplicial decomposition of the surface S, i. e. a set of generators of the fundamental group 

However, the situation is less clear when F is a general graph on the surface S, which is the 
case generically in the loop formalism and in spinfoam models. In three-dimensional gravity 
with vanishing cosmological constant, no direct evidence of quantum group symmetry has 
been detected in the loop and spin foam approaches. The evaluation of link invariants for the 
quantum double SU{2) and their relation to the Ponzano-Regge model are investigated in 
p!8t [T9]. However, the role of quantum groups remains indirect and implicit in these papers, 
and they do not shed light on the general relation between quantum groups and the generic 
building blocks of these formalisms, graphs and spin network functions. 

This raises the question if quantum group symmetries are generic features of three-dimensional 
quantum gravity or rather mathematical tools within the combinatorial approach based on 
a minimal simplicial decomposition. In this section, we demonstrate that quantum group 
symmetries appear as a generic feature of three-dimensional quantum gravity with vanishing 
cosmological constant and are also present in the loop formalism. We show that the quan- 
tum double D{G) acts naturally on the space of cylindrical functions for general graphs F. 
More concretely, we demonstrate that each closed, non-selfintersecting loop in F gives rise 
to a representation of the quantum double on the space of cylindrical functions and derive 
explicit expressions for these representations in Sect. 15.31 Moreover, we show in Sect. 15.41 
that there is a remnant of these representations on the kinematical Hilbert space which is 
directly related to the fundamental kinematical observables studied in the previous section. 

We start with a definition of the quantum double D{G), also called the Drinfeld double. 
For a brief summary of its representation theory we refer the reader to appendix [Bl The 
quantum double D{G) is a quasi-triangular ribbon Hopf algebra which can be identified (as 
a vector space) with the tensor product 

D{G) = D{F{G)) = F{G)0CiG) (5.1) 

of the space F{G) of functions on G and the group algebra C(G). Here we follow the presen- 
tation in and work with an alternative formulation which is advantageous as it exhibits 
explicitly the close link between the classical and quantised theory. In this description, first 
given in [42j, the quantum double D{G) is formulated in terms of continuous functions on 
G X G. To exhibit its structure as a quasi-triangular ribbon-Hopf algebra it is necessary 
to include certain Dirac delta-distributions / ® which are not elements of the space of 
continuous functions Go{G x G) but can be included by adjoining them. The Hopf algebra 
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structure of D{G) is then given as follows: 



Product : {Fi • F2){u,v) := / Fi{u, z) F2{z-^uz, z~^v) dz, (5.2) 

Jg 

Coproduct : {/\F){ui,Vi;U2,V2) = F{uiU2,Vi) 5^^{y2)., (5.3) 

Antipode : {SF){u,v) = F{v~^u'^v,v~^), (5.4) 

Unit : l{u,v) = 5eiv), (5.5) 

Counit : e{F) = / F{e,v)dv, (5.6) 
Jg 

Star structure : F*{u,v) = F{v~^uv,v~^) . (5.7) 



For the singular elements f ® Sg, expressions f l5.2p to fl5.7p take the form 

Product : (/i ® 6gJ • (/2 ® 6g,) = (/i ■ /2 o Adg-i) ® ^g,^,, (5.8) 

Coproduct : A{f ig) 5g){ui,Vi;u2,V2) = fiuiU2) 5givi)5g{v2), (5.9) 

Antipode : S{f 6g){u,v) = f{v~\-^v)6g~iiv), (5.10) 

Counit : e{f®6g) = /(e), (5.11) 

Star structure : (/ ® Sg)* = (/o Adg-i) ® (5.12) 

The Hopf algebra D{G) is quasi-triangular with i?- matrices, R^"^^ G D{G)^'^, which are the 
quantum counterparts, respectively, of the classical r-matrix ( ]A.5[) and minus its flip 

R^^\ui,Vi;U2,V2) = Seivi)SeiuiV2^) R^'\ui, Vi, U2, V2) = 4 (^^2)^6 (^2^ 1 ) • (5.13) 

Its ribbon element which satisfles the ribbon relation Ac = {R21 • -R) • (c c) with the 
opposite i?-matrix R2i{ui,vi]U2,V2) := R{u2,V2]Ui,Vi) is given by 

c{u,v) = 6^{u) . (5.14) 



It can be shown that D{G) is a deformation (in the sense of Drinfeld) of the classical group 
algebra C{IG) with the Planck length £p as a. deformation parameter. In fact, as an algebra 
D{G) is included into C{IG) and the deformation concerns only the co-algebra structures. 

5.2 Quantum double action on the space of cylindrical functions 

The flrst indication that the quantum double acts as a symmetry of quantum gravity is the 
Poisson bracket (13. 9p of the loop variables. Using the formula (15. 9p for the coproduct, we 
can rewrite this Poisson bracket as 

{^A^/IKjMn) =j^\t=ofiur,e"''Ur,) (5.15) 
=(id (g) -L") o Af{ur, ® Mra) = {R" ® id) o Af{ur, ® m^J. 

Hence, the coproduct of the quantum double is present already in the Poisson structure of 
the classical theory and, consequently, also in the action of the associated operators on the 
kinematical Hilbert space. 
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However, the role of quantum double symmetries is not limited to this rather indirect man- 
ifestation. We will now demonstrate that the quantum double D{G) arises naturally as a 
quantum symmetry also in the loop formulation of the theory and acts on the Hilbert space 
of the theory. More specifically, we will show that each closed, non-selfintersecting loop in 
the graph F gives rise to a representation of the quantum double on the space of cylindrical 
functions C°^{G\^^\). As this is one of the core results of our paper and technically rather 
involved, we will proceed in two steps: We start by illustrating the general structure of these 
representations. In Subsection 15.31 we then derive explicit expressions for these representa- 
tions and discuss their physical interpretation. In Subsection 15.41 we show how a remnant of 
this quantum group symmetry manifests itself on the kinematical Hilbert space. 

To exhibit the general structure of these representations, we consider a closed loop i = 
Xn o A„-i o . . . o Ai in r which is composed of one or several links Ai, . . . , A„ G E-p and 
based at a vertex v = s(Ai) = t(A„) G ^r- We assume 0(Ai,s) < 0{Xn,t). For notational 
convenience we also impose that all edges arising in the loop are oriented in the sense of 
the loop as pictured in Fig. O Moreover, we require that the loop i does not have any 
self-intersections, i. e. that we have 

A, n Afc = for |fc - j| > 2, {k,j} ^ {1, n} A, n A,_i = s(A,) = t(A,_i) j = 2, n (5.16) 

and that none of the edges Aj is a loop unless n = 1. 

We use the notation Hi = {ui, —Ad{ui)jg) with ui, as in fl4.9p . While the action of ui on 
the space of cylindrical functions is multiplicative, the operator is derivative. Moreover, 
as we will show in the next subsection, it generates a group action pi : G x Gl-^rl _^ G^^^^: 

MJ?)^ = ^{Jh ^} = ^|l*=o^ ° Pi{e''^) Vz^ G C°°(G'I^H) . (5.17) 

It is shown in ^J, see in particular Lemma 4.2, that a group action p of G on a manifold M 
together with a map (p : M —>■ G satisfying the covariance condition <^{p{g)m) = g-^{m)-g~^ 
Vm E M, g & G gives rise to a representation of D{G) on C°°{M) defined by 

U{F)ij{m)= I dp{z)F{^{m),z)-i)o p{z-^) Vt/^ G C~(M). (5.18) 

JG 

In the case at hand, this group action is p^, the manifold M = G^^^^ is given by the G- 
holonomies assigned to the edges of the graph F, and the map ^ : G^^^^ ^ G expresses the 
loop holonomy ui as a product of the edge holonomies Ux. 

$: {ui,...,UlEr\)^Ui = Ux„---Ux^. (5.19) 

The covariance condition then takes the form 

pe{g)ue = g-u^- g~^. (5.20) 

Hence, to demonstrate that the loop £ in F gives rise to a representation of the quantum 
double on the space of cylindrical functions, we need to construct a group action pi : G x 
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Q\^r\ _^ (^l-^rl f^iig^f^ satisfies (I5.17P and acts on the holonomy ui by conjugation. It then 
follows directly from expression (14.21) for the scalar product and expression fl5.12p for the 
star structure that this representation is unitary. Moreover, formula flS.lSp implies that the 
action of the elements f ^ 6g in flB.2p takes the particularly simple form 



In particular, we see that elements /®1 represent the multiplicative action of functions of the 
holonomy ue on the space of quantum states, while the elements 1 ^ g, g & G, exponentiate 
the action of the operators j^. 

5.3 Explicit expressions for the action of the quantum double 

We are now ready to construct the group action pi for a general non-selfintersecting loop 
i = Xn ■ ■ ■ Xi. Due to the close link between the classical and quantum theories, it is clear that 
this amounts to exponentiating the Poisson brackets of with functions / G C°°{G^^^^), 
expressed in terms of the left- and right-invariant vector fields fl3.13l) and hence will be 
defined via a graphical procedure similar to the one introduced after (I3.14p . However, this 
requires replacing sums of vector fields with products of elements of G'^""' and one has to 
demonstrate that there exists an appropriate ordering which gives rise to a group action 
with the required properties. 

To do this, we define explicitly a map pe : a X Gl^rl ^ Q\Er\ ^hat Satisfies (IBTTI) and then 
demonstrate that it is a group action, i. e. satisfies pe{gh) = pe{g) ■ pf {h), and that it acts on 
the holonomy by conjugation. For clarity, we consider separately the following cases: 

(i) the action on edges which have no vertex in common with the loop ^ 

(ii) the action on the edges Ai, . . . , A„ which form the loop 

(iii) the action on edges which have at least one vertex in common with the loop but do 
not belong to the loop themselves. 

Case (i). It is straightforward. It follows from fl4.7p . (14.91) that the operator acts trivially 
on the variables of all edges r that do not have a vertex in common with i. This suggests 
that these group elements should transform trivially under p^. 

Case (ii): To determine the action of on the edges Ai, . . . , A„ in the loop, we start by 
considering the extreme edges Ai and A„. Using expression (14.70 together with (14. 9p . we find 



While exponentiating the first three terms is straightforward, the last involves an ordering 
ambiguity for the factors. Supposing that identity (I5.2UI) is satisfied, we see that in order 



(5.21) 




if 0(Ai,t) > 0(A2,s) 
ifO(Ai,t) < 0{X2,s) 

ifO{Xn,s)>0{Xn-i,t) 



(5.22) 
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to have the group action property pe{gh) = pe{g) ■ pe{h) the holonomies u\,,u\^ have to 
transform as 



ux, ifO(Ai,t)>0(A2,s) 
u\, I— > < (5.23) 
^ux,-g-^ ifO(Ai,t)<0(A2,s) 



UK 



g-ux„ if 0(A„,s) > 0(A„_i,t) 
[g,ue]-ux„ if 0(A„, s) < 0(A„__i,t) 



where [a,b] = a ■ b ■ a ^ ■ b ^ is the group commutator of G. An analogous reasoning for the 
other edges A^, k = 2, . . . ,n — 1 yields 

ux, ^ (5.24) 

Ux, if 0{\k, s) > 0(Afc_i, t) and 0{\k+i, s) > 0{Xk, t) 

Ux, if 0(Afc, s) < 0(Afc_i, t) and 0(Aa:+i, s) < 0(Afc, t) 

"Afe ■ {ux,-_{ ■ ux,)g{ux,-_i ■ ux,)~'^ if 0{Xk, s) > 0{Xk-i, t) and 0{Xk+i, s) < 0{Xk, t) 

^ux, ■ {ux,L{ ■ uxi)g'^iux,-_{ ■ ux,)~^ if 0{Xk, s) < 0{Xk-i, t) and 0{Xk+i, s) > 0{Xk, t). 

It can then be shown by induction that the map pi defined by (I5.23p . (15.241) acts on ordered 
products of the edge holonomies ux^ according to 

ug I— > g ■ Ui- g~^ (5.25) 

\ux,---ux, if 0(Afc+i, s) < 0(Afe,t) 

ux,---ux, ^ S k = l,...,n — l. 

[ux,--- Ux, ■ g'^ if 0(Afc+i, s) > 0{Xk, t) 

Case (iii): We distinguish two cases: edges that start or end at the starting vertex of £ and 
edges that start or end at other vertices s{Xk+i) = t(Afc), k ^ n. While the relative order of 
the incident edges in the loop is fixed in the former, it is not in the latter, and we have to 
consider separately the situation where 0(Afc+i, s) > 0{Xk,t) and 0{Xk+i, s) < 0{Xk,t). 

We start by considering an edge r starting at the vertex s{Xk+i) = t{Xk) with k ^ n, where 
the order of the edges A^+i, A^ is 0{Xk,t) > 0{Xk+i, s). Using again formulas (14. 71) . (14. 9 1) , we 
determine the action of on Ur and find that the map p£ should act on these holonomies 
according to 

fur if 0(r,s)<0(Afc+i,s) or 0(r,s)>0(Afc,t) 

Ur^S (5.26) 
[ur ■ (wAfe ■ ■ uxjg^'^iuxi:, ■ ■ ux,)~'^ if 0{Xk+i, s) <0{t, s) <0{Xk, t). 

Analogously, we find for an edge r starting at the vertex s{Xk+i) = t{Xk) with k n, where 
the order of the incident edges in the loop is 0{Xk,t) < 0{Xk+i, s) 

jur if O {T,s)<0{Xk,t) 01 0{T,s)>0{Xk+l,s) 

Ur ^ i (5-27) 
[ur ■ {ux,- ■ ■ux,)g{ux;- -ux,)'^ if 0(Afc,t) < 0(r, s) < 0(Afc+i,s). 
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The corresponding expressions for an edge r starting at the vertex s(Ai) = t(A„) are analo- 
gous but involve an additional contribution for the edges of higher order than A„. 



\^Ur-[Ui,g] 0{t,s) > 0{\n,t) 

The action of pe on the holonomies associated to edges that end at the vertices in the 
loop is obtained by exchanging right-multiplication with group elements a G G with left- 
multiplication by in expressions (15.261) to fl5.28p . The corresponding expressions for loops 
based on these vertices are then obtained by applying this prescription to both ends of the 
loop. 

This concludes our discussion of the different cases. Equations fl5.23p to fl5.28p provide an 
explicit definition of pe through its action on the holonomies of all edges in F. Formula 
fl5.25p demonstrates that it satisfies the covariance condition. By differentiating fl5.23p to 
fl5.28p and comparing the result with the action of the loop operator jf given by (14. 9p . (14.71) 
we verify (I5.17P and find that the action of on the cylindrical functions is indeed the 
infinitesimal version of the map pe. It remains to show that pe is a group action. This can 
be shown by a straightforward but somewhat lengthy calculation using expressions (15.231) to 
(I5.28p . Hence, we have demonstrated that the action of the loop operator gives rise to a 
group action pe : G x G^-^^^ G'^'"! with the required invariance properties and defines a 
representation of the quantum double D{G). 

This demonstrates that each closed, non-selfintersecting loop £ in the graph F gives rise to a 
representation of the quantum double D{G) on the space of cylindrical functions for F defined 
by (I5.18p . (I5.2ip . Moreover, these representations have a clear geometrical interpretation 
which encodes the topology and the orientation of the graph F: Holonomies u\ transform 
trivially if the associated edges A do not intersect the loop. The holonomies associated with 
the edges Ai, . . . , A„ in the loop transform non-trivially if and only if the relative order of 
consecutive edges at the starting and endpoint changes, i. e. if the associated cilia point in 
different directions with respect to the orientation of the loop. Expressions (I5.26p . (15.270 
imply that holonomies of edges r which are not part of the loop but have a vertex s{\k) = 
t(Afc_i), 7^ 1 in common with it, transform nontrivially if and only if they lie between 
the two edges of the loop touching this vertex with respect to the ordering. Defining the 
"inside" and "outside" of a loop with respect to the cilium at each vertex as in the paragraph 
following (I4.16P , we find again that only the inner edges at each vertex are affected by the loop 
operator and the associated group action pe. At the starting vertex s(Ai) = t(A„) there 
is an additional contribution for edges of higher order than A„. These cases are illustrated 
in the Fig. O 

By differentiating expressions (I5.23P to (I5.28p . one obtains a pattern similar to the one for 
a single-edge loop in Sect. 14. 2[ Expressing the operator in terms of the operators Qx 
associated to the edges of the dual graph and moving these dual edges towards the starting 




0{T,s)<0{\^,s) 
0{Xi,s)<0{T,s)<0{Xn,t). 



(5.28) 
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and target vertices of the edges Aj, we find that is given as a sum = S£ + with 

ie = -{l-Ad{uf))l Irs- IrA (5.29) 

\TgS'+(t(A,0) rGT+(t(A,0) / 
i=0 \TeS{mti) reT(inti) y 

where we identified n = and S'(intj), T(inti) denote, respectively, the set of edges starting 
and ending at the vertex s(Aj+i) = t(Ai) and between Ai and Aj+i with respect to the ordering. 
The factor Si in (15.301) is = 1 if 0(Aj+i,s) > 0(Aj,t) (i. e. the cihum at t(Aj) = s(Aj+i) 
points to the left with respect to the direction of the loop) and Ei = —1 if 0(Aj+i, s) < 0(Aj, t) 
(i. e. the cilium at t(Ai) = s(Aj+i) points to the right with respect to the direction of the 
loop). The two edges Aj, Aj_i are included in these sets if and only if their relative ordering 
at s(Ai+i) = t(Aj) changes with respect to the previous vertex. 




thin black lines. Edges whose variables transform trivially under pi are depicted as brown dashed 
lines. Red and blue edges correspond to the non-trivial transformations in, respectively, ()5.26p and 
()5.27p . The variables associated with the green edges at the starting vertex of £ transform according 
to the last line in ([5^28]) . 

These quantities are visualised in Fig. [91 Edges, which transform trivially and which therefore 
do not contribute to (I5.29p . (15.301) correspond to brown dashed lines. The edges Ai, . . . , A„ 
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in the loop are solid black lines. Edges in S'(intj) UT(intj) are depicted in red if Ei = —1 and 
in blue for = 1. The green edges in Fig. [9] are the ones which contribute to £e. 

Setting U£ = e^?'''', we find again that the operator £i is orthogonal to while the total 
spin or internal angular momentum of the loop takes the form se = -^p^ ■ S£. Following the 
discussion in Sect. 14.21 we can view the vectors ,,, q^j- as position vectors of the edge r 
shifted towards its starting and target vertex. This implies that the terms 

s, = Ad(n;^/---0( J2'lr,s-J2lr,t) (5.31) 

TG5(inti) TeT(inti) 

in fl5.30p have the interpretation of a relative position vector of the two edges Xi+i, \i 
expressed in the reference frame associated with the starting vertex v = s(Ai) = t(A„) of the 
loop. The projection of this relative position into the direction of p^ therefore describes an 
internal angle associated with the vertex s(Aj+i) = t(Aj). The total angle associated with 
the loop which generalises the deficit angles arising in particle spacetimes is obtained by 
summing over the internal angles of all vertices in the loop. In this sum, one has to take 
into account their relative position (to the left or right) with respect to the orientation of 
the loop which is given by the factors Ei. 

We conclude this section with the discussion of a concrete example based on Fig. [TUl 

Example 5.1 We consider a loop i such as the one depicted in Fig. [73 whose cilia at the 
different vertices are chosen such that the ordering is given by: 

0(Ai,s) <0(A6,t),..., 0{X2,s)<0{Xut),..., 0{Xk,s)<0{Xk-ut),..., 0{X,, s) < 0{X,,t). 

Expressions (15.231) . (I5.24p then imply that the group action pi acts on the holonomies of 
edges in the loop according to 

Piia) ■ ^ [9,ux6U\sUXiUx3Ux2Ux^] ■ uxe (5.32) 
UXk ^t^Xk k = 1,...,5. 

For the other edges depicted in Fig. [73, the transformation of the holonomies under the group 
action pe{g) is given by (15.261) . (I5.28p . and we obtain 

pe{g) -.Ua^Ua- [ux^ux^ux^ux^^ux^uxi, g] (5.33) 

u^,^ g-u^,- g'^ (5.34) 

Urj ^ (ux.gu^^) ■ Ur, ■ (ux.g'^u^^) (5.35) 

^^ ■ {ux2Uxi)g'^ {ux2^^Xly^ (5.36) 

Ur ^ {ux^ux3Ux2Ux^)g{ux^ux^ux2Ux^y^ ■ (5.37) 

up^up- {ux^uxiUx3Ux2Ux^)g'^{ux.ux^uxzUx2UXiY^- (5.38) 
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Figure 10: Example of a loop I = A6A5A4A3A2A1 (black edges) . The variables associated with 
brown dashed edges transform trivially under p^. The transformation of the other edge variables 
is given in (IO2D and (fOHj) to (fCTj) . 

5.4 The quantum double and the kinematical Hilbert space 

The action of the quantum double D{G) associated with each closed, non-selfintersecting 
loop in r on the space of cylindrical functions ^^(6*'^^') does not induce an action of D{G) 
on the kinematical Hilbert space. This is due to the fact that multiplication of kinematical 
states with general functions of the G-holonomy along the loop and composition with the 
associated group action according to f l5.2ip does not map kinematical states to kinematical 
states. However, the kinematical Hilbert space inherits a remnant of these quantum group 
symmetries which corresponds to a subalgebra of D{G) generated by two sets of elements. 

The first are elements of the form / (g) (5e G D{G), where / is conjugation invariant. They 
act on the kinematical states by multiplication 



Since any conjugation invariant function of the G-valued holonomy ui is a function of its 
trace, they are functions of the mass operator mj = pj which acts according to 



The second are powers of the ribbon element fl5.14p . which act on cylindrical functions as 



n,(/®5e)^ = /M-^. 



(5.39) 



(5.40) 



(5.41) 
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To demonstrate that the action of these elements does map kinematical states to kinematical 
states, we note that the group action satisfies 

p^{Ku\h-^) oGh = GhO pe{u\) yteR,h= {h,, ...,h\vr\)e G'^^I (5.42) 

where Gh '■ G'^""' G'^""' is the graph gauge transformation (I3.25P defined by h, hy is the 
component of h associated to the starting and target vertex v of U£ and = e*^?*^". This 
identity can be verified by direct calculation for each of the cases considered in Sect. 15.31 
One considers the action of graph gauge transformations on the edges that share a vertex 
with the loop and sets g = in fl5.23p to fl5.28p . Applying this identity to fl5.4ip . one then 
deduces that the action Ile{c^) commutes with the graph gauge transformations and hence 
maps kinematical states to kinematical states. 

(n,(c'=)^) o G, = Ue{c'){^ o Gh) = M^)^ e Hk^n. (5.43) 

Moreover, one finds that this action of the ribbon is intimately related to the operator S£ 
defined in (I5.30p which encodes the internal angular momentum of the loop. Using the 
results from Sect. 15. 3[ in particular the discussion after (15.301) . we find that the total internal 
angular momentum of the loop acts on the kinematical Hilbert space via the infinitesimal 
version of the action (15.411) 

U{m(,si>)'ip = Il{p^j f,)^) = '>'^\t=oi' o Peiu\)- (5.44) 

Hence, for each closed, non-selfintersecting loop in the graph F, the associated action of the 
quantum double D{G) on the space of cylindrical functions gives rise to two sets of operators 
acting on the kinematical Hilbert space: the mass operator irti which acts by multiplication 
and the product m^s^ of mass and spin which acts via the group action p^. As discussed in 
the previous sections, these are the two fundamental physical observables associated to each 
loop ^ in the graph. They correspond to the two Casimir operators of the three-dimensional 
Euclidean and Poincare group and have a clear physical interpretation through the analogy 
with the corresponding variables for particles. 

6 Construction of the physical Hilbert space 

In this section, we discuss the implementation of the remaining constraints and the construc- 
tion of the physical Hilbert space in the loop and the combinatorial formalism. As exhibited 
in the previous sections, the absence of local gravitational degrees of freedom implies that no 
refinements of the graphs are required to capture the local geometry of the spacetime. The 
Hamiltonian constraint therefore a priori does not act by adding edges around vertices as in 
the four-dimensional case. Instead, it takes the form of a fiatness condition ^ (13.241) 
on the graph connections, which requires the G-valued holonomy around each contractible 
loop in the graph to be trivial. 
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6.1 The physical Hilbert space in the loop formalism 

The construction of the physical Hilbert space of three-dimensional loop quantum gravity has 
been investigated extensively as a toy model for the four- dimensional case [HI B5l HHl HTj HH] . 
For reasons of simplicity, much of the previous work in this context focussed on the Euclidean 
case with a torus as the spatial surface S. Here, we adopt the presentation given in [49] 
which is more general and presents a convenient starting point for the comparison with the 
combinatorial quantisation formalism. 

In [l9], the discrete version of the flatness constraint Fi (13.241) is implemented by means of 
a "projector" P : H^in Hp^ys on the physical Hilbert spacqj. Formally, this projector acts 
on the kinematical states associated with a graph F according to 

P: iJ^ n ■ ^ ^ ^fc- (6.1) 

£ closed, 
contractible loop in F 

where ug = ma„ ■ ■ ■ mai is the G-holonomy along the contractible loop £ = A„ o . . . o Ai and 
the product runs over all contractible loops in F. As this expression involves a product 
of delta-distributions, it is a priori ill-deflned and requires a regularisation. In the case 
G = SU{2), a regularisation scheme was proposed and lead to an explicit relation between 
the Ponzano-Regge model and three dimensional loop quantum gravity [19]. Given a suitable 
regularisation of the projector P, one can construct the physical Hilbert space Hphys as the 
image of the kinematical Hilbert space H^in under P up to zero norm vectors. Identifying 
these zero norm vectors amounts to identifying gauge equivalent states or gauge flxing the 
symmetries which are generated by the curvature constraint F{x) = 0. 

In practice, this gauge flxing procedure proceeds in two steps. The flrst is to remove most of 
the redundant degrees of freedom encoded in the kinematical states by contracting the 
underlying graph F along a maximal connected tree 09] (see [18] for a detailed discussion in 
the spin- foam approach). It results in a graph, with only one vertex and edges that are loops 
based at that vertex, which we will refer to as "flower graph" in the following. The second 
step is to remove the residual gauge degrees of freedom associated with the flower graph 
by imposing the flatness condition on each contractible loop and by imposing the mass and 
spin constraint for each loop around a particle. For the details of this procedure we refer 
the reader to [2Sl SOI SS], for a discussion in the context of spin foam models see also fIE\. 
In the following we will focus on the general picture and its relation to the combinatorial 
approach. 

6.2 The physical Hilbert space in the combinatorial formalism 

In the combinatorial formalism, the implementation of the constraint F = is intimately 
related to the representations of the quantum double D{G) in Sect. [5] and their remnants on 

■^Although this map does not have the property P o P = P associated with the notion of a projector, we 
refer to it as "projector" in the following, since this is the prevalent convention in the literature. 
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the kinematical Hilbert space in Sect. 15.41 To understand this point, we recall the formula 
fl5.39p for the representation of the quantum double associated with the loop £. Applying 
this formula to the delta-distribution 5c ^ on the space of G-conjugacy classes C^, we find 

M5c,®5e)^ = 5cM)-^- (6-2) 

In the case G = SU{2) the conjugacy classes are labelled by an angle /i G [0,27r] and the 
unitary irreducible representations by a spin J = |, 1, . . .. The delta-distribution can then 
be realised as the familiar sum over the characters xj &s follows 

5c,M= Xj(«£)Xj(e^^°). (6.3) 

In the case G = SU (1,1) the situation is more complicated due to its non-compactness. 
However, we note that in both cases the restriction to the fixed conjugacy class implemented 
by this delta-distribution projects on the space of eigenstates of the mass operator mj (15.401) 
with eigenvalue /i^, i. e. on the subspace of kinematical states satisfying 

U{mj)i) = fx^ -ip. (6.4) 

The projector (16.11) on the physical Hilbert space corresponds to projecting on states for 
which the holonomy along i is trivial. It is therefore implemented by the remnant of the 
quantum double representations on the kinematical Hilbert space 

P: i;^ II Ui{5co^Se) ■ ^, (6.5) 

£ closed, 
contractible loop in F 

where Cq = {e} is the conjugacy class containing the identity element. The other kinematical 
operator associated with a closed loop in the graph is the ribbon element which acts via 
(I5.4ip and corresponds to the product of mass and spin (I5.44p . Imposing invariance under 
the action of these kinematical operators amounts to requiring that the kinematical states 
are invariant under the associated one-parameter group of transformations pi{uj^) for all 
contractible loops £ in F or, equivalently, that the product of its mass and spin vanishes 

H^(c*)^ = ^o pi{uf) = Vt G M ^ U{misi)^ = 0. (6.6) 

The constraints associated with loops around particles are implemented analogously, only 
that in this case the group elements are restricted to a fixed conjugacy class with /i 7^ 0, 
such that the projector implementing this condition is given by 

^ ^ U,{6c, ® Se) ■ iJ. (6.7) 

Similarly, the states are no longer required to be invariant under the associated group action 
Pi but to transform covariantly, i. e. to be eigenstates of the operator misi with eigenvalue 
/is, where s is the spin of the particle 

7r^(c*)^ = e^*^" ■ ^ n{miSi)il) = ps-i). (6.8) 
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6.3 Gauge fixing via contracting a maximal tree and graph contractions 

After discussing the general formalism for the imposition of the constraints in the loop and in 
the combinatorial formalism, we will now focus on the two steps in its practical implementa- 
tion, the gauge fixing procedure via contractions of maximal trees and the imposition of the 
residual constraints on the resulting flower algebra. In this subsection, we demonstrate that 
the gauge fixing procedure via contraction of a maximal tree in the graph F is intimately 
related to the graph operations in Fock and Rosly's description of the phase space |^ and 
their quantum counterparts. 

We start by outlining the notion of graph contractions as defined in |20] . Given a graph F and 
an edge X E Er one can contract A either towards its starting point or endpoint. Contracting 
the edge A towards the starting vertex s(A) amounts to performing a gauge transformation at 
its endpoint t(A) that sets the group element Hx = {ux, —Ad{ux)jx) equals to one, removing 
the edge A and the cilium at t{\) and inserting all edges incident at t{\) at the former starting 
point of A as shown in FigJTTl Contraction towards the target vertex is defined analogously. 
The result is a graph F' with \Er'\ = \Er\ — 1 edges and |Vr'| = |Vr| — 1 vertices. 




r > - - r' 

Figure 11: Illustration of the contraction operation of a graph F to a graph F'. The contraction 
reduces the number of vertices and edges of the graph by one. 

From fl3.25p it follows that this procedure introduces a map $a : IG^^^^ JG'^""'"^ between 
the /G-valued holonomies associated to the edges of the graphs F, F'. For the contraction 
towards the starting vertex of A, it acts on the JG- valued holonomies Hr, r G F\A according 
to 

{H^^ ■ Hr for r G T(t(A)) 
Hr ■ Hx for T G S{t{\)) (6.9) 
Ht- otherwise 

The corresponding map for contraction towards the starting vertex is obtained by replacing 
t(A) by s(A) in (16. 9p and by exchanging left-multiplication by Hx and right-multiplication 
with H^^. 

The map (16.91) commutes with the graph gauge transformations (13.251) in the following sense: 
Consider the graph gauge transformation for F defined by an element h = {hi, . . . , h\v^\) G 
JG'^'^L Denote by h' the element of JG'^'"'^^ obtained by omitting the entry ht[x) for the 
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target vertex of A and by G^,' the associated graph gauge transformation for V. Then 

O = O G^. (6.10) 

Moreover, it has been shown by Fock and Rosly [20] that the map f l6.9p is a Poisson map 
between the spaces of graph connections associated to F and F', i.e. that it maps the Poisson 
structure for the graph F to the one for F' 

{/ o ^ o $,}r = {/, g}r, o V/, g G C°°(/G)l^^l-i (6.11) 

Due to the close hnk between classical and quantum theory apparent in fl5.17p . these re- 
sults translate immediately into analogous statements for operators acting on the cylindrical 
functions and the associated kinematical Hilbert spaces. 

We start by considering the cylindrical functions associated to the graphs F and F'. Via its 
restriction (px : G'^""' — >■ G'^'"'"^ to the G-components of the holonomies, <I>a induces a map 
from the space of cylindrical functions for F' to the space of cylindrical functions for F which 
acts on cylindrical states as follows 

ip-p' I— > ipv o 0A- (6.12) 

The fact that $a is a Poisson map then implies via (14. 7p that the representations of the 
operators j^, r G F and the operators j^,, t' G F' are compatible in the following sense 

(nrKj-.^OVrO o <Px = livU^H'Miljr' o (/)a) V^r' e C°°(Gl^^l-i) (6.13) 
where j{H'^) is the angular momentum vector of the holonomy H'^ given by (16. 9p 

fjV-Ad(w;i«,)j, rGT(t(A)) 
3{K) = \ Ad{u-')j, + j, re S{t{X)) (6.14) 
I otherwise. 

Similarly, we have for the representation of functions associated with F, F' 

(HrK/rOV^rO o 0a = nr(/r' o 0A)(V^r' o 0a) ^i^r G C^iG^''^^-') (6.15) 

Hence, contracting an edge towards a vertex induces an homomorphism from the algebra 
of quantum operators acting on the cylindrical functions for F' to the algebra of quantum 
operators acting on the cylindrical functions for F. 

We will now demonstrate that these graph contractions give rise to an isomorphism of the 
kinematical Hilbert spaces H^-^, H^'in with the corresponding scalar products. For this, we 
note that (I6.10p implies that the map $a preserves invariance under graph gauge transfor- 
mations and hence induces a map 

0^'" : Hli ^ i/L VT' ^ o 0A G i/L- (6.16) 
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To show that this map is an isomorphism, we need to define its inverse. For this we introduce 
a map Sa : IG^^^^~^ — > IG^^^^ which inserts the identity element for the holonomy of the 
the contracted edge A 

Ha : (i/i, . . . , H\E,i-i) ^ (i/i, . . . , 1, . . . , H\e,i-i), (6.17) 

and denote by ^a : C'^'^l^^ G^^^^ the associated map acting on the G-valued holonomies. 
To show that Sa commutes with graph gauge transformations and satisfies a relation analo- 
gous to fl6.10p . we consider a general graph gauge transformation for T' given by an element 
h = {hi, . . . , h\Vr\ ^ 1) ^ IG^^^^~^. We denote by hx the entry associated to the vertex ob- 
tained by contracting A. We define the associated element h' G JG'^'"' by inserting the entry 
hx for both the arguments s(A) and t(A). It then follows from the definition fl6.17p of Ha and 
fl3.25p that the associated graph gauge transformations G^' G^, satisfy a relation analogous 
to (16.1 op and thus preserve graph gauge invariance 

Ha o Gr = G^, o Ha. (6.18) 

They therefore induce a map between the associated Hilbert spaces H^-^, H^-^ 

: Hg^ ^ Hi;^ ^ o ^A G Hli^, (6.19) 

and (16. 9p . fl6.17p imply $a o ^a = 1. This proves that the maps (/>a*", ■Ca™ isomorphisms 
from ifp" to ifp*" and vice versa. The condition (16.110 stating that graph contractions 
are Poisson maps ensures that the action of the kinematical observables associated with the 
edges of F, F' on ifp?", ifp*" are obtained as the images of the corresponding actions on 

Tjkin Tjkin 

-Hp , -Hp; . 

Moreover, it follows directly from the definition of the maps (16.90 . (16.170 that these isomor- 
phisms preserve the scalar product (14. 2p . Applying a graph gauge transformation analogous 
to the one in (16. 9p that sets the group element ux to one and using the left-and right invari- 
ance of the Haar measure on G, one obtains after a redefinition of the integration variables 

(V'r' o 0A,Xr' o 0A)r = / dfi{ui, ...,u\Er\) ° <Px{ui, ...,u\e^\)xv' ° <P\{ui, ...,u\e^\) 

= VOI(G) / c//i(Mi, ...,ttX, ...,M|iJp|) V'p,(Mi, ...,M|ijj,|)Xr'(«l> •••)^X, •••,M|£;r|) 

J|Gl^rl-i 

= vol(G)-(V'r',Xr')r', (6.20) 

where ux denotes omission of the argument associated to the edge A. For the case G = SU (2), 
this refiects the familiar invariance of the Ashtekar-Lewandowski measure in the context of 
loop quantum gravity while the expression diverges for G = SU {1,1). This is due to the 
non-compactness of SU{1, 1) and demonstrates an additional need for gauge fixing in the 
non-compact case. 

By selecting a maximal tree in the graph F and repeatedly applying the contraction procedure 
to the edges of this tree, one obtains a fiower graph with a single vertex and edges that are 
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Figure 12: A flower graph consisting of a single vertex and edges that are loops attached to the 
vertex. Depending on the topology of the underlying surface, each loop can be either contractible 
or non-contractible. 

loops as depicted in Fig. [121 Hence, the familiar gauge fixing procedure in the loop formalism 
via contraction of trees has a canonical interpretation in the combinatorial formalism based 
on the description of the phase space of Fock and Rosly [20]. It arises as the quantum 
counterpart of the edge contractions on the phase space of the theory which act on the 
JG-holonomies of the edges. The G-component of these graph contractions defines their 
action on the cylindrical functions and the kinematical states associated with the graphs F, 
F'. Their translational part relates the operators j^, j^, for edges r G F, r' G F' and the 
corresponding kinematical operators. The fact that edge contractions are Poisson maps [2U] 
ensures that the action of the operators j^,, t' G F' is obtained as the image of the action 
of j^, r G F and that the action of the kinematical operators for the two graphs commutes 
with the graph contractions. 

6.4 Residual gauge freedom and the construction of the physical Hilbert space 

After the contraction of a maximal tree, in both formalism the resulting graph is a flower 
graph as depicted in FigIT2l The residual graph gauge transformations act by simultaneous 
conjugation of the G-holonomies associated to all edges, and there are three classes of residual 
constraints: 

1. A flatness constraint ue ^ 1 for each contractible petal; 

2. A particle constraint which restricts the petals around particles to a fixed conjugacy 
classes determined by mass and spin of the particle; 

3. An additional constraint Wfc ~ 1 implementing the condition that the curve k depicted 
in the Fig. (fT3l) is contractible. 

The first set of constraints is implemented by simply removing the contractible petals from 
the flower graph. The edges of the resulting graph then define a set of generators of the 
spatial surface's fundamental group 7ri(S') as illustrated in Fig. [131 For a surface S of genus 
g with n punctures, this set of generators consists of loops Mi, i = 1, . . . ,n, around each 
puncture and two curves Aj,Bj, j = 1,. . . ,g for each handle as shown in Fig. [131 It is 
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Figure 13: The flower graph associated to a surface S of genus 2 punctured with one particle. The 
loops, denoted Ai, A2, Bi, B2 and M, are in correspondence with the generators of the fundamental 
group '7ri(S'). The loop k depicted on the right is defined algebraically in ()6.2ip . 

subject to a single defining relation which amounts to imposing that the curve k in Fig. [13] 
is contractible 

k = BgoA-^o B-^ oAgO ...El o o fi-i o o M„ o ... o Mi = 1. (6.21) 

The associated cylindrical functions depend on the G-holonomies umi, ■■■ , um„, , ub^, 
... , UAg, UBg & G along these generators. The kinematical states are functions of these 
G-holonomies which are invariant under simultaneous conjugation with G 

H'^l^ = {^e C^(G^+^9) I ij{huM,h-\ huB.h-') = Hum,, ub,)}. (6.22) 

The Hamiltonian constraint becomes the requirement that the G-holonomy along the curve 
k in Fig. [13] vanishes and implements the defining relation of the fundamental group 7ri(S'). 
This implies that the projector on the physical Hilbert space Hphys takes the form 

P : ip e Hkin ^ Se{[uBg,u^^^] ■ ■ ■ [ubi,u^I]um„ " " " Um,) " (6.23) 

In the combinatorial formalism, the requirement of graph gauge invariance (16.221) and the 
constraint implemented by the projector (16.231) are combined into the requirement that the 
physical states transform trivially under the representation of the quantum double D{G) 
associated with the curve £ = k. As shown in [TT], see in particular Sect. 4.2. there, but 
also directly apparent from the explicit expressions for the group action in Sect. 15. 3[ this 
representation acts on the cylindrical functions according to 

nfc(/ ® Sh)^{uMr, ■■■,UBg) = f{[uB,,u^l] " " -^Mi) " '^{huM^h'^, ...,huBgh~^) (6.24) 

such that the combined action of the Hamiltonian constraint operator (I6.23P and the graph 
gauge transformations takes the form 

^kiSe ® Sh)i'iuMi, ■■■,UBg) = 5ei[uBg,u^]^] ■ ■ -um,) " '^{huM^h~^, . .. , huBgh'^) ■ (6.25) 

The remaining gauge freedom is the one associated to the particle constraints, which are 
given by the action of the mass and spin operators of the loops around each particle 

Il{m^)il) = f4 -ip n(mjSi)V' = f^iSi ■ i = 1,. . .,n. (6.26) 
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The canonical way of implementing these conditions fl6.26p in the combinatorial formulation 
is discussed in |TT]. It consists in parametrising the corresponding G-holonomies as 



uku = VM^e^'-^'vjJ^ VM^eG, z = 1, . . . , n (6.27) 

and working with cylindrical functions that depend on the variables VMi instead of UMi- The 
implementation of the spin constraints in ( ]6.26p is then directly related to the representation 
theory of the quantum double summarised in appendix [Bl Denoting by A*"^. the centraliser of 
the conjugacy class C^. as defined in fIB.ip and by tt^. its irreducible unitary representation 



introduced labelled by Sj, one finds that the spin constraints (16.261) take the form 

i(j{vMi, ■■■,VM,ni, ...,Ua^, ...,UBg) = '^sAni^)i'i'"Mi, ■■■,Vm„,UAi, ■■■UBg) G A^^, . (6.28) 



Moreover, it is shown in [TT], that the representation 11^ of the quantum double which 
implements the residual constraints then takes the form 

Iik{f ® 5h)lp{vM^, --.VMr^, ■■■^UAg.UBg) = f{Uk) ■ '^{hVM^,--,hVM„,---,hUB,h'^)- (6.29) 

This expression for the action of the Hamiltonian constraint and the graph gauge transfor- 
mations establishes a direct link between the construction of the physical Hilbert space of 
the theory and the representation theory of the quantum double D{G). Using the formulas 
(IB.Sp . (1B.4P for the irreducible representations of the quantum double D{G) and the formula 
(IB.SP for the adjoint action of D{G) on itself, one can rewrite (16.290 as 



nfc(/ ® 5g)V^=(n^isi®--®n^„s„®ad®...(g)ad) ((A®1®...®1) o ... o (A®1)) ^, (6.30) 

where A is the coproduct (15.90 of D(G) [llj. Hence, the implementation of the constraints is 
intimately related to the construction of the tensor product of certain irreducible and adjoint 
representations of the quantum double D{G). This is a further manifestation of the role of the 
quantum double D{G) as a quantum symmetry of the theory and its role in the construction 
of the physical Hilbert space. Note also that it does not only involve the algebra structure 
of the quantum double which encodes the underlying Poincare or Euclidean symmetry of 
the classical theory but also its coproduct, which differs from the trivial coproduct of the 
universal enveloping algebras of the three-dimensional Lorentz and Poincare algebras. In this 
sense, the quantum double D{G) appears naturally as a deformation of the /G-symmetry in 
the classical theory. 

The presence of quantum double symmetries in the quantum theory is not only of conceptual 
importance but also provides concrete advantages in the construction of the physical Hilbert 
space and the quantisation of the theory. Equation (I6.30p reduces the implementation of the 
Hamiltonian constraint and the construction of the physical scalar product to a mathematical 
problem from the representation theory of the quantum double D{G): It states that the 
implementation of the constraints amounts to the construction of the invariant subspace in 
the tensor product of certain representations of D{G). 
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For the case G = SU{2), the decomposition of a tensor product of two irreducible repre- 
sentations of D{G) is given in [50]. While the general case and the decomposition for the 
non-compact group G = SU{1, 1) present considerable technical challenges, the link between 
the implementation of the constraints and the quantum double D{G) makes the construc- 
tion of the physical Hilbert space amenable to techniques from the representation theory of 
quantum groups. In particular, it provides a canonical set of physical states in the frame- 
work of representation theory, namely the characters of the quantum double. For the case 
of Chern-Simons theory with gauge group SL(2, C) which corresponds to Lorentzian and 
Euclidean 3d gravity with, respectively, positive and negative cosmological constant, these 
states have been constructed and investigated in [TU]. For the case of vanishing cosmological 
constant, these physical states will be explored in a future paper [5Tj. 

7 Outlook and Conclusions 

In this paper we clarified the relation between three-dimensional loop quantum gravity and 
the combinatorial quantisation formalism based on the Chern-Simons formulation of the 
theory. We related the construction of the kinematical and physical Hilbert space in the two 
approaches and established an explicit relation between the associated quantum operators. 
Although the (extended) Hilbert spaces in the two formulations are identical, the basic op- 
erators acting on these spaces differ in the two approaches. While the operators in the loop 
formalism are defined generically, the definition of the operators in the combinatorial for- 
malism requires an additional structure associated with the graph. This additional structure 
is a ciliation, which defines a linear ordering of the incident edges at each vertex and enters 
already in the description of the classical theory |20j . 

This ciliation manifests itself also in the explicit relation between these operators, which 
we derived in this paper, and in their physical interpretation: The operators in the loop 
formalism can be viewed as position vectors for the edges with respect to a fixed reference 
frame. In contrast, the operators in the combinatorial formalism correspond to a relative 
position vector of two edge ends with respect to a reference frame associated with its starting 
vertex. Defining this relative position vector requires the choice of a reference point at each 
edge or, equivalently, the choice of a ciliation. In the case of edges which are loops, the 
corresponding combinatorial operator gives rise to an internal angle variable and an external 
reference angle associated with the loop. In this case, the ciliation is required to establish 
the notion of "internal" and "external" and to define the corresponding angles. 

The second core result of our paper is our clarification of the role of quantum group symme- 
tries, more specifically the quantum doubles D{SU{2)), D{SU{1, 1)), in the two formalisms. 
We showed that these symmetries are present naturally also in the loop formalism: Each 
closed non-selfintersecting loop in the graph gives rise to a representation of the quantum 
double on the space of cylindrical functions. The explicit expressions for these representa- 
tions, which we derived in this paper, depend again on the choice of a ciliation. This result 
demonstrates that quantum group symmetries are a generic feature of three-dimensional 
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quantum gravity with vanishing cosmological constant which are also present in the loop 
formalism. Moreover, we showed that they play an important role in the implementation of 
the constraints and the construction of the physical Hilbert space. The explicit determina- 
tion of the physical states will be investigated in ^T] for the case where the spatial surface 
is a torus. 

While our results clarify the relation between three-dimensional loop quantum gravity and 
the combinatorial quantisation formalism as well as the role of quantum group symmetries in 
the theory, many other aspects remain to be investigated. Specifically, it would be interesting 
to determine how our results are related to the constraint implementation in [52] and to the 
work [531 IM] • The former studies the implementation of constraint by adding edges around 
each vertex as in the four-dimensional case. The latter is also concerned with the relation 
between quantisation approaches based on the Chern-Simons formulation and quantisation 
approaches based on the BF formulation of three-dimensional gravity. However, it appears 
that the basic variables investigated in this work are different and quantum group symmetries 
are not apparent there. 

It would be also instructive to investigate the relation between the combinatorial quanti- 
sation formalism and other quantisation approaches for three-dimensional gravity with a 
non- vanishing cosmological constant. However, we expect these cases to me more subtle. 
The direct relation between the Hilbert space in the combinatorial formalism and cylindrical 
and spin network functions based on the groups SU{2), SU{1, 1) for vanishing cosmological 
constant is a consequence of the semidirect product structure of the associated symmetry 
groups. Generically, quantum states are constructed from the irreducible representations of 
the associated quantum groups. For non- vanishing cosmological constant, the relevant quan- 
tum groups are not the quantum doubles of groups but the quantum doubles of g-deformed 
universal enveloping algebras whose Hopf algebra structure and representation theory are 
more involved. 

In the loop formalism, the cosmological constant does a priori not affect the construction 
of the kinematical Hilbert space and enters the formalism only in the implementation of 
the Hamiltonian constraint. Hence, if quantum group symmetries are present in the loop 
formalism for non- vanishing cosmological constant, their emergence should be the result of 
the implementation of the Hamiltonian constraint. It would be very interesting to understand 
if and how such quantum group symmetries arise. A preliminary study of this question is 
given in [55], but many issues remain to be clarified. It can therefore be anticipated that 
the relation between combinatorial quantisation, loop quantum gravity and spinfoam models 
will be less direct for non- vanishing cosmological constant. 
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A Fock and Rosly's Poisson structure in Chern- Simons theory 
and three-dimensional gravity 

In this appendix, we summarise Fock and Rosly's description [20] of the phase space of Chern- 
Simons theory and its application to three-dimensional gravity with vanishing cosmological 
constant. We start by considering the formalism for a general Chern-Simons theory with 
gauge group H and denote by f) the associated Lie algebra. 

The two central ingredients in Fock and Rosly's description of the phase space are an oriented 
graph r with a cilium added at each vertex as explained in Sect. 13. II and a classical r-matrix 
for the group H which is compatible with the Chern-Simons action. The latter is an element 
r G f) ® [) which satisfies the following two conditions: 

1. It is a solution of the classical Yang Baxter equation 

r]] = [ri2, rig] + [r^, rsg] + [ri3, rss] = (A.l) 

where r = r"^ C,a <S) C,i3 is the expression for r in a fixed basis {C,a}a=i,...,dimt) of the Lie 
algebra [) = LieH. 

2. Its symmetric part = ^(r"'^ + r^")^Q, ® is dual to the Aci-invariant symmetric 
form ( , ) in the Chern-Simons action or, in other words, it is given by the associated 
Casimir operator of f). 

It has been shown by Fock and Rosly that, together with a ciliated graph F as in Sect. 13. 
such classical r-matrices define a Poisson structure on the manifold if'^""'. The different 
copies of H correspond to the if-valued holonomies obtained by integrating the gauge field 
along the edges of F, and after imposition of the discretised flatness constraints, the Poisson 
structure agrees with the canonical symplectic structure on the moduli space of flat H- 
connections modulo gauge transformations. 

Fock and Rosly's Poisson structure is most easily expressed in terms of a Poisson bivector 

{F, G} = {dF ® dG){BFR) VF, G G C°°{H), (A.2) 



which takes the form 
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Here, r"^(f) stands for components of the classical r-matrices assigned to the vertices of 
the graph and satisfying the two conditions abov^. All notations referring to the graph T 
are defined as in Sect. I3.H and ? ^/j' denote the right- and left-invariant vector fields 
associated to the basis elements £ f) and the different copies of H. Their action on 
functions F e C°°(ifl^rl) jg gj^gn 

^t^Fih, h^Erl) = ^l*=o^(^i' • • • ' ^"^^'^ ■ ^A, . . . , h^Erl) (A-4) 
. . . , h^E,\) = j^\t=oF{h, ...,hx- e*«^ . . . , h^E,\). 

We are now ready to discuss the application of Fock and Rosly's description to three- 
dimensional gravity with vanishing cosmological constant. In this case, we have H = IG, 
and the associated Lie algebras f) are the three-dimensional Euclidean and Poincare algebra 
with generators {^q,} = { J^, Pa}a=o,i,2 and Lie bracket (12.61) . It has been shown in [in[23lH0] 
that the relevant classical r-matrix for the Chern-Simons formulation of three-dimensional 
gravity takes the form 

r = ® r. (A.5) 

To derive an expression for Fock and Rosly's Poisson structure in terms of functions / G 
C°°(G^^^^) of the G- valued holonomies ux and the vectors associated to the edges A G Er, 
one needs to determine the action of the right- and left-invariant vector fields J^'^, ^i'''^, 
P^'^, P^''^ on these variables. This has been done in [HI [23l [11], but can also be inferred 
directly from their definition and the group multiplication law (12.51) . With the notations 
introduced above, one finds that their action on functions / G C°°(G'^'"') is given by 

■JL,xfiui,...,UlEr\) = Llf{ui,...,UlEr\) = ^ |t=o/(Ml, • • • , e"*^" ■ Ma, • • • , M|Er| ) (^-6) 

^L,a/(«1' ■■■,UlEr\) = Rlf{Ul, . . ■,UlE^\) = ^|t=o/(Ml, • • . , C"**'" " Ma, • • • ,M|i<;r|) (A.7) 
Pljiu^, . . . , U\Er\) = Plxfiu,, ...,U\Er\)=0, (A.8) 

and that their action on the variables variables j", r G E^, takes the form 

JlxJr = JR,xJr = h,re^\ji (A.9) 

Pl,xJr = -Sx^rV"' Plxfr = h,r Miu^T^ (A. 10) 

where 5A,r = 1 if t = A and vanishes otherwise. By inserting the classical r-matrix (lA.SP 
and expressions (]A.6P to (lA.lOp into the general formulae (lA.2p . (lA.Sp . one then obtains the 



Poisson brackets of the variables jt\, A G i^r and / G C°°(G''^'"'). As the vector fields P^^i 
P^x trivially on functions / G C°°{G^^^^), the Poisson bracket of the latter vanishes 

{f,g} = V/,^7GC°°(GI^^I). (A.ll) 



^As these conditions do not necessarily define the r-niatrix uniquely, different r-matrices can be assigned 
to different vertices as long as they satisfy these conditions. 
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A short calculation shows that the Poisson brackets of the variables with functions / G 
C°°(G'l^r|) are given by IKWf 

Oa, /} = -J2^rf -J2^rf + M{u-,')\ [ J2^lf +J2Lrf]- (A.12) 

re5+(s(A)) reT+(s(A)) \TeS+{t{X)) TeT+(t(X)) J 

This implies that one can identify the variables with certain vector fields on Cl^rl ^nd 
that their Poisson brackets are given by the Lie brackets of these vector fields via 

{{rx,Jr}J} = [XlX']f V/ G C°°(Gl^H). (A.13) 



B The representation theory of the quantum double D{G) 

In this appendix, we give a brief summary of the representation theory of the quantum 
double D{G). For a detailed treatment we refer the reader to [121 ED]- 

We start by recalling the observation that the quantum double D{G) is a Drinfeld deforma- 
tion of the group algebra C{IG) and that D{G) is included into C{IG) as an algebra. This 
inclusion of C{IG) into D{G) implies that the irreducible unitary representations of D{G) 
give rise to representations to the three-dimensional Poincare and Euclidean group IG. The 
latter are labelled by two parameters (yU, s) where the is a real number usually interpreted 
as a mass and s is an integer when G = SU{2) or a real number when G = SU{1, 1) and 
stands for an internal angular momentum or spin, the products /i^ and /is are, respectively, 
the eigenvalues of the Casimir and P ■ J + J ■ P in the associated representations of 
the Lie algebras (12. 6p . Hence, the mass yU defines a G-conjugacy class and the spin s an 
irreducible representation tt^ : iV^ — > End(V"s) of its centraliser 

N^ = {neG\ngn-' = g WgeC^}. (B.l) 

In the case where G = SU{2), conjugacy classes /i are angles in the interval [0,27r[. The 
centralisers are isomorphic to the group U{1) when fi > and to G otherwise. Generically 
(when /i > 0), representations vr^ of the centraliser are therefore labelled by an integer s. 

The Hilbert spaces of the the representations (/x, s) are 

V^, = {^:G^Vs\^{vn) = 7Ts{n-')^{v), W E N^, E G, 

and := / Uiz) fyjm{z N, )< oo} / r^, (B.2) 

JG/N^ 

where ~ denotes division by zero-norm states and dm is an invariant measure on G/N^. The 
quantum double D{G) acts on these spaces according to 

n^,(F)V(y)= / dix{z)F{vg^v-\z)ij{z-h), (B.3) 
Jg 
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where t?^ is a fixed element of the conjugacy class and dfi{z) denotes the Haar measure 
on G. For the singular elements f ^ Sg this expression simplifies to 

n^s(/ ® Sg)i;iv) = f{vg,v-')i^ig-h). (B.4) 

Another representation which plays an important role in the quantisation of three-dimensional 
gravity is the adjoint representation obtained by letting D{G) act on itself via the adjoint 
action 

ad(F)0(wi, W2) = / d^{z) F{wiW2^Wi^W2, z)(j){z~^wiz, z~^W2z) F,(j)GD{G) (B.5) 
Jg 

ad(/ (g) 6g)(f>{wi, W2) = f{wiW2^w];^W2)(t){g'^wig, g'^W2g) ■ (B.6) 

As an illustration, let us consider once again the example G = SU{2). In that case, the 
vector space V^, is simply {/ e F{G)\f{xh{e)) = e''^f{x), G [0,27r[, x e G} where h{e) 
is the diagonal representative of the conjugacy class 9. The Hilbert structure is given by 
the Haar measure of SU{2). The action of D{SU{2)) can be deduced immediately from 
(]B.3|) . Of particular relevance are the representations of the ribbon element (15 .Mp and of 



the character x the fundamental representation of SU{2), which are diagonal and can be 
viewed as the " deformed" (or exponentiated) version of the classical Casimir elements of the 
Euclidean algebra 

n^sic)i;iv) = e-^^'-ijiv) and n^,(x ® l)^(t^) = 2 cos/z ■ ^(t;) . (B.7) 
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